Exercise 13.1

Evaluate the Given limit: Iirr31x+3
X—>

Solution 1: limx+3=3+3=6

X—3

Evaluate the Given limit: |im(x—§j

X—>7r

-2

X—>

Solution 2: Iim(x—%)

Evaluate the Given limit: Iirr; ar?
r—.

Solution 3: Iirrlwr2 =r(l®)=n

] e X 4
Evaluate the Given limit: lim +3
x—1 X—2

Solution 4: lim Ax+3 = A4)+3 = 16+3 :Q
x>l X —2 4-2 2 2

10 5
Evaluate the Given limit: lim X+—X+1
X——1 X _1

Solution 5: lim
x>1  Xx-=1 -1-1 -2

X+l (D +(-D)°+1 1-1+1

1

2

) o (x+D)°—1
Evaluate the Given limit: Imgﬁ
X—> X

5_
Solution 6: Iing(XL)1
X! X



Putx+1=ysothaty — 1as x —0.
5 5
(x+1) 1:"m(y) 1
X

Accordingly, |irT01

x—1 y_l
-5.1%% {Iimx —a =na”‘1}
X—a X—a
=5
5_
.'. |imM:5
x—0 X

2
Evaluate the Given limit: Iimw
X—2 X —4

Solution 7: At x = 2, the value of the given rational function takes the form %

. 3x*—x-10 . (x—=2)(3x+5)
s im—— =lim
x>2  X°—4 -2 (Xx—2)(x+2)

. 3X+5
= |lim
x>2 X+2
_3(2)+5
2+2
_u
4

) IR x* —81
Evaluate the Given limit: I|m2—
x=3 2X° —5x -3

Solution 8: At x = 2, the value of the given rational function takes the form %

4 _ 2
lim >2< 81 :“m(x 3)(x+3)(x“+9)
x>8 2x°—5x—-3 8  (x=3)(2x+1)

_ lim (x+3)(x* +9)
>3 (2x+1)

_ (3+3)(3*+9)
T 203)+1



6x18

7
_ 108
7
Evaluate the Given limit; lim ax+b .
x>0 X +1
Solution 9:
rnax+b _a0)+b
0 cx+1  c¢(0)+1
1
] A
Evaluate the Given limit: I|rr11 T
26 -1
1
3 _
Solution 10: Iirrll Zl 1
76 -1

At z = 1, the value of the given function takes the form 9

1
Put z6 =xsothatz —1asx —1.

1

3 _ 20 v,
Accordingly, Iimz1 l=Ii -
751 = x>l X—=1
26 -1
X2 -1
= lim
x>l x=1
=2.1%1 {Iimx a _na”‘l}
X—a X_a
=2
1
3 _
limZ 2.2




2
+bx +
Evaluate the Given limit: “max—bc a+b+c =0

-1 cx? +bx+a

2 2
Solution 11: Ilmax +bx+c_all)” +b@)+c
x1cx2 +bx+a c)?+b) +a

_a+b+c
a+b+c

=1 [a+b+c 0]

1
+

Evaluate the given limit: lim 2—%

X—>—2

1.1
X 2
X+2
1 1
7+7
Solution 12: lim X—2
X+2

X—>—2

At x = -2, the value of the given function takes the form %

1 1 (2+xj
I 2x
X_2_ im

. . .. .._Sin
Evaluate the Given limit: IlmS s
x—0 bX

. . sinax
Solution 13: lim
x—0 bx

At x =0, the value of the given function takes the form %

sinax_Ii smax ax
bx 0 ax  bx

Now, lim
x—0



. (sinax) a
lim X —
x—0 ax b

=§Iim(smaXJ [x>0=ax—0]
b ax—0 ax
=89 { Iim(wﬂ

b Xx—0 y
-2

b

Evaluate the given limit: IimS!naX,a,b;t 0
x=0 sin bx

. . Sinax
Solution 14: lim—
x=0 sin bx

,a,bz0

At x = 0, the value of the given function takes the form %

sin ax
. x ax
. sinax . ax
Now, lim= = .
x-0 sinbx  x-0 [ sinbx
x bx
ax

X=>0=>ax—0
andx —>0=bx—>0

Evaluate the Given limit: Iimm
X—7 ”(ﬂ_x)

Solution 15: IimM
x=>7 (7 —X)

Itisseenthatx > n= (- Xx) —» 0



Solution 16: lim

. ... COSX

Evaluate the given limit: lim——
x=0 1 —X

lim S0 X _ cosO 1

07 —X - T

Solution 17:

Evaluate the Given limit: lim 232X =1
x>0 CosX—1

. cos2x-1
lim——
x-0 cOoSX—1

At x = 0, the value of the given function takes the form %

Now, Iing 1 =i N -
X J— X -
COSX 1-2sin? = -1

cos2x—1 1-2sin®x—1

m

sin®x ),

_— b X X
. SIN“ X . X

=1 =lim
x—>OSin2X x—0 X

— . 2

2 Sin 2 NG

2 | X

X 4
2

[cosx =1-2sin? 5}
2



. sin® x
le—>0 X2
=4 . [x—>0:>§—>0}
2
X
sin N
3
12 '
iy i)
1 y=0 Yy
=4
Evaluate the given limit: Iimw
x>0 psinx

. . aX-+ XCos X
Solution 18: lim——
x>0 psinx

At x = 0, the value of the given function takes the form %

.ax+xcosx 1. Xx(a+cosx)
Now, lim————=—lim———=
x>0 Psinx bx-0  sinx

= 1Iim( ,X jxlim(a+cosx)
b x—0

x—0

1 1 ]
= | ——— |xlim(a+cosx)
bl ,. (smxj x>0
lim| ——
Xx—0 X
= Ex(a+coso) [Iimwﬂ}
b y=0 X
- atl
b

Evaluate the given limit: Iing XSec X
X!



) . . X
Solution 19: I|mxsecx=llm—=L:9:O
x—0 x>0 cosX cosO 1
Evaluate the given limit: Iimm a,ba+b=0
x=0 gx +Sin bx

Solution 20: At x = 0, the value of the given function takes the form %

. Sinax+hx
Now, lim———
x=0 gx +Sin bx

sin ax
( jax+bx
ax
sin bxj
bx

= lim

x—0

ax+bx(

(IimsmaxjxIim(ax)+|im(bx)
x=0  ax x—0 x—0
= ( [Asx -0 =ax —»0and bx —0]

. ) . sinbx
limax+limbx| lim

x—0 x—0 x—0 X

lim(ax) + limbx :

- x—>0( ) X—0 |Imw=l
limax + limbx
Xx—0 Xx—0

lim(ax +bx)

— x-0

lim(ax-+bx)

x—0

lim(1)

x—0

=1

y—=0 X

Evaluate the given limit: Iing(cosec X —Cot X)
X—>!

Solution 21: At x = 0, the value of the given function takes the form co—oo
Now, Iing(cosec X —cot X)
X—>!

. 1 COS X
=lim| —-——
x>0\ sinx  sinx
. (1-cosx
lim -
x>0\ sin X
(1—cosx)
. X
lim———~<
x=0 (Sin X
X




1-cosx

Solution 22: lim

lim
—_ x—0 X
. sinx
lim—=
x=>0 X
0 . 1—COSX . sinx
1 [Ilm cos =0and Ilms—zl}
1 y—>0 X y—>0 X
0
Evaluate the given limit: lim tan27;<
X—= x—2
27T

tan 2x

x>
2 X——

2

At x = % the value of the given function takes the form %

Now, putSothatx%:ysothatx - %,y -0

T
. tan2x . tan2(y+2)
s lim =lim
T y—0 y

X7
2 X——

tan

. (7+2y)
y—0 y

lim tan2y

y—0 y

lim sin2y
y=0yCcos2y

. [sin2y 2

lim X

y-0 2y cos2y

= [ 1imSN2Y |, im( x—2 [y 0= 2y 0]
y-0 2y y-0{  CoS2y

1x_2 [Iimw=l}
cos0 x=0 X

[tan(z+2y)=tan2y |

2X+3,

Find lim f(x) and lim f(x), where f(x) =
lim () and lim f(x) ) {3(“1),

Xx<0
x>0



Solution 23: The given function is

2X+3, Xx<0
f(x) =
3(x+1), x>0

lim () = lim [2x+ 3] = 2(0) +3 =3
lim f0) = lim3(x+1) =300+ 1) =3
L lim 00 = lim 09 = lim () =3
lim £ = lim (x+1)=3(1+1)=6

w lim 10 = lim 09 = lim 09 =6

2 _ <
Find lim (), when f(x) = 4 X - x=1
x=1 —x-1, x>1
Solution 24:
The given function is
2 _ <

(x) = X =1, x<1

—x-1, x>1
clim f) = lim [ X’ -1]=1?-1=1-1=0

x—1" x—1
It is observed that lim f(x) = lim f(x).
x—1" x—1*
Hence, Iirq f(x) does not exist.
m x#0
Evaluate Iing f(x), where f(x) = < x
0, x=0

Solution 25: The given function is

m x#0
fx) =14 x’

0, x=0

X
lim f(x)=lim {U}
x—0" x—>0| X
= Iing(_—xj [When x is negative, || = -X]
X—> X



=-1
lim f(x)= Ilrp{m}

x—0* X

= Iim(—j [When x is positive, |X| = x]

It is observed that lim f(x) = lim f(x).
x—0~ x—>0"

Hence, Iirr01 f (x) does not exist.
X—>

X

—, X#0
Find lim f (x)=1 [
0, x=0
Solution 26: The given function is
lim f (x) = Iim{l}
x—0" x—0" |X|
= |im(ij [When x <0, [x| = ]
x=>0\ —X
= lim(-1)
=-1
lim £ (x) = lim {i}
x—0* |X|
= Iim(zj [When x > 0,|x| =x]
x=>0\ X
- ()

It is observed that lim f(x) = lim f(x).
x—0" x—0*

Hence, Iirr01 f (x) does not exist.

Find lim f (x), where f(x) = x| -5

Solution 27: The given function is f(x) = |x| - 5

lim f(x)= lim(x/—5)

X—5" X—5"

= lim(x-5) [When x >0, [x| =x]

=5-5
=0



Iirsq f(x)= Iirg(|x|—5)
= lim(x—5) [When x>0, |x| =x]

=55
=0
lim £ () = lim f () =0

Hence, Iirr51 f(x) =0

a+bx, x<0
Suppose f(x) = < 4, x=1 and if Iirr11 f (x) = f(1) what are possible
b—ax, x>1

values of a and b?

Solution 28: The given function is

a+bx, x<0
f(x) = <4, x=1
b —ax, x>1

lim f(x)= Iin;(a+bx) =a+b
x—1" X!
IirI] f(x)= Iin;(b—ax) =b-a

f(1)=4
It is given that Iin; f(x) =f(1).
Iirp f(x)= Iirp f(x):IirT f(x) =1f(1)

—a+b=4andb-a=4
On solving these two equations, we obtain a =0 and b = 4.
Thus, the respective possible values of a and b are 0 and 4.

Let a1, ay, ..., an be fixed real numbers and define a function

f(x) = (X —a1) (X — a2).....(x — an)
What is lim f(x)? For some a # a, az, ..., an. Compute lim f (x).

X—>a

Solution 29: The given function is f(x) = (x —a1) (X — @2).....(x — an)
lirg f(x)= llrg [(x—a1) (X—a2).....(x — an)]

=(a1—a) (a1 —az)..... (ar—an) =0

Slimf(x) =0

X—>3

Now, len; f(x)= len; [(x—a1) (X —a2).....(x — an)]



=(a—a) (@a—az).....(a—an)
legg f(x)=(a—a) (a—az)..... (a—an)

|x|+1, Xx<0
I f(x) = 10, x=0
|x|-1, X>1

For what value (s) of does lim f (x) exists?

Solution 30: The given function is

|X|+1, x<0
If f(x) = 40, x=0.

|x|-1, x>1
Whena =0,

lim f (x) = lim(x|+1)
x—0" x—0"
=lim(-x+1) [Ifx <0, |x| =]

=0+1
=1

Iir(r)] f(x)= Iirp(|x|+1)

= lim(x-1) [Ifx>0, |x|.=—X]

x>0
=0-1

=1

Here, it is observed that Iirg] f(x)# Iir? f(x).
lego] f (x) does not exis:.ﬁ -

When a <0,
lim f(x) = lim(x|+1)

= lim(-x+1) [x<a<0= |x =]

=-a+1l
lim f(x) = lim(x|+12)

= lim(-x+1) [a<x<0= |x =]

=-a+l



s lim £(x) = lim f(x)=—a+1

Thus, limit of f(x) exists at x = a, where a < 0.
Whena >0

lim f (x) = lim(x|+1)

= lim(-x-1) [D<x<a= |x =x]
—a-1

lim f(x) = lim(x/-1)

= lim(-x-1) [D<x<a= |x =x]
=a-1

sAim f(x)=lim f(x)=a-1

Thus, limit of f(x) exists at x = a, where a > 0.
Thus, lim f (x)exists for all a #0.

fo0-

x*—1

If the function f(x) satisfies, Iin? Z_ 7, evaluate Iirrll f(x).

Solution 31: lim e 2 =

x—1 X2 —1}

|XiL‘}(f(X)_2)
Iim(x2 —1)

Xx—1

=7

=lim(f(x)~2)=xlim(x*-1)
=lim(f(x)-2)=7(1"-1)

= lim(f(x)-2)=0

= lim  (x)~lim2=0

= lim f (x)-2=0

~lim () =2




mx® +n, x<0
If f(X) = <nx+m, 0<x<l

nx® +m, X>1

For what integers m and n does Iirr(')l f(x)and Iirr11 f(x) exists?

mx® +n, x<0
Solution 32: f(x) = {nx+m, 0<x<1..
nx® +m, x>1

lim f (x) = Iirrc](mx2 +n)

= m(0)>+n

=n

lim f(x):ling(nx+m)

x—0" X!

= n(0)+m

=m

Thus, lim f(x)exists if m =n.
x—0"

Iirp f(x) :Iirrl1(nx+m)
=n(1)+m

=m+n

lim f(x) = Iin}(nx3+m)
x—1" X—
=n(1)3+m

=m+n

= lim £ = lim £ (0 =1im f ().

Thus, Iin; f (x) exists for any internal value of m and n.






