Exercise 13.2

Find the derivative of x2 — 2 at x = 10.

Solution 1: Let f(x) = x? — 2. Accordingly,
f (10+h) - f (10)
h

f '(10) = lim

h—0

_ i [20+h)* =2]- (10° -2)

h—0 h
B Iim102 +2-10-h+h?—-2-10°+2
 h0 h

. 20h+h?
=lim

h—0 h

= lim(20+h) =20+0=20

Thus, the derivative of x> — 2 at x = 10 is 20.

Find the derivative of 99x at x = 100.

Solution 2: Let f(x) = 99x. Accordingly,

f (100+h) — f (100)
h
_ jim 99(100-+h) —99(100)

h—0 h

f (100) = lim

. 99x100+99h—-99x100
=lim

h—0 h

— 1im(99) = 99

h—0

Thus, the derivative of 99x at x = 100 is 99.

Find the derivative of x at x = 1.



Solution 3: Let f(x) = x. Accordingly,

£11) = lim AN =@
h

h—0

Thus, the derivative of xat x =1 is 1.

Find the derivative of the following functions from first principle.
(i) x3 - 27
(i) (x-1) (x-2)
1
i) —
(iii) 2

. X+1
iv) ——
(iv) 1

Solution 4: (i) Let f(x) = x* — 27. Accordingly, from the first principle,

_ i Ex 0’ =271 - (¢~ 27)

h—0 h

. X*+h¥+3x°h+3xh*> - X3
=lim
h—0 h

. h®+3x?h+3xh?
-t

= Lirr(}(h3 +3x%h+3xh?)

=0+ 3x?+0=3x?

(i) Let f(x) = (x — 1) (x — 2). Accordingly, from the first principle,



_lim (X+h=-1)(x+h-2)—(x-=D(x-2)

h—0 h

B Iim(x2+hx—2x+hx+h2—2h—x—h+2)—(x2 —2X—X+2)
_h—>0 h

_ i (DX =20 =)

h—0 h

. 2hx+h*=3h
=lim—
h—0

= Ihlgg(2x+ h-3)

=2x-3

(iii) Let f(x) = iz Accordingly, from the first principle,
X

(x+h)? X2

1 X —(x+h)y?
>0 h| x*(x+h)?

1] x2—x?—2hx—h?
=lim= > >
hoh| x“(x+h)

1] —h*—2hx
h>0 h| x*(x+h)?

| —h?=2x
=lim| —
h-01 x°(X+h)

0—-2x —2

X (x+0?2 X



(iv) Let f(x) = X—Jri Accordingly, from the first principle,
X_

(x+h+1_x+1j
x+h-1 x-1

L (x=)(x+h+1) — (x+D)(x+h—1)
h-0 h| (x—=1)(x+h-1)

1] (% +hx+x—x—h—-1)— (x> +hx— X+ x+h—1)
h—0 h (x=D(x+h-1)

1 —2h }
=lim=
0 h| (x=1)(x+h-1)

! { = }
=lim
0| (x—=1D(x+h-1)

22
T (x=1(x-1) (x=1)?2

For the function

100 99 2

F(x):—+x—+---+x—+x+1
100 99 2

Prove that f'(1) = 100 f'(0)

Solution 5: The given function is

100 99 2

F(x):—+x—+---+x—+x+1
100 99 2

d d XlOO X99 X2
—f(X)=—| —+—+ -+ —+Xx+1
dx dx| 100 99 2

100 99 2
if(X)Zi X— -}—i X_ +...+i X_ +i(x)+i(l)
dx dx{ 100 ) dx\{ 99 dx\ 2 dx dx




On using theorem di(x”) =nx"", we obtain
X

99 98
if(x):loox +99X +-~-+§+1+0
dx 100 99 2

=XxP +xP +- 4+ x+1

B0 =P+ x® e x 1

At x =0,

f(0) = 1

At x =1,

f'@Q)=1°+1"+ - +1+1=[1+1+ - -+1+1],50 e =1x100=100

Thus, £(L) = 100 f(0)

Find the derivative of X" +ax"'+a’x"? +-.-+a" 'x+a" for some fixed real
number a.

Solution 6: Let f(X)=x"+ax"" +a’x" > +---+a" 'x+a"

d f(X) :i(xn +ax"+aix"? 4+ +a" x+a")
dx dx

d d cniy, 20 0o a1 d n d
=— a— a‘— - a"—(@1
dx(x )+ dx(x )+ OIX(X )+§ N dX(X)+ dx()

On using theorem di(x”) =nx"", we obtain
X

f'(x)=nx""+a(n-)x" > +a*(n—2)x"> +---+a" ' +a"(0)

SO =nx""+a(n-)x" > +a’(n—2)x" > +-.-+a""

For some constants a and b, find the derivative of

() (x—a) (x-Db)
(ii) (X + b)?

L. X—a
(iii) b

Solution 7: (i) Let f (x) = (x—a) (x —b)



= f(X)=x*—(a+b)x+ab

d

(x> —(a+b)x+ab)
dx

)=
d, ., d d
=&(X )—(a+b)&(x)+&(ab)

On using theorem di(x”) =nx"", we obtain
X

f'(x)=2x—(a+b)+0

=2X—a-b

(ii) Let f(x) = (ax? + b)’
= f(x) =a’x* +2abx® +b*
1 d 2,4 2 2
o f (x):d—(a X" +2abx” +b)
X

=a? i(x“) +2abi(x2) +ib2
dx dx dx

On using theorem di(x”) =nx"", we obtain
X

f'(X) =a*(4x*) +2ab(2x) +b*(0)
= 4a’x® +4abx
= 4ax(ax’ +b)

X —_

(i) Let f(x) = ~—

= f'(x)=i(x‘aj

QD

dx\ x—b
By quotient rule,

(x—b)(;jx(x—a)—(x—a)(i((x—b)
(x-b)?

f1(x) =

_(x=b@-(x-a)@)
(x—b)*




_ X—b-x+a
(x—b)’
__a-b
(x—b)’

n n

X —a
X—a

Find the derivative of for some constant a.

n n

Solution 8: Let f(x) = 2—2
X—a
:f'(x):i(x @ ]
dx\ x-a

By quotient rule,

d n n n n d
(x—a)&(x —-a")—(x"-a )&(x—a)

Flg= (x—a)?

_ (x=a)(x""-0)—(x"-a")

(x-a)
X" —anx"t - x"+a"
(x—a)
Find the derivative of
. 3
1) 2X——
(1) 2

(i) (553 + 3x— 1) (x — 1)
(iii)) X3 (5 + 3%)
(iv) x° (3 —6x7°)
(V) x* (3—4x9)

2

w 2 X
Vi) ——
(Vi) Xx+1 3x-1



Solution 9: (i) Let f(x) = 2x_%

f'(x) =%(2x—%j

d d(3
=2&(X)‘&(zj

=20
=2

(i) Let f(x) = (5x3 +3x - 1) (x - 1)
By Leibnitz product rule,

f(x) :(5x3+3x1)%(x—1)+(x—l)%(5x3+3xl)

= (5x3 +3x—1)(1) + (x - 1)(5.3x* +3-0)
= (5x3 + 3x — 1) + (x — 1)(15x2 + 3)
=5x%+3x— 1+ 15x3 + 3x — 15x* - 3
=20x® - 15x° + 6x — 4

(i) Let f (X) = x2 (5 + 3x%)
By Leibnitz product rule,

f'(x)=x2 d (5+3X) + (5+3x)i (x®)
dx dx

=x2(0+3)+(B+3x)(3x>H)
=x2(3)+(5+3x)(3x ™)
=3x7°-15x* -9x

=—6x°-15x"

=-3x7° (2 + §j
X

-3

(2x+5)

X
X



:_—43(5+2x)
X

(iv) Let f (x) = x° (3 - 6x°)
By Leibnitz product rule,

f'(x)=x° % (3-6x7)+ (3—6x‘9)& (x°)
=x°{0-6(-9)x "} +(3-6x7)(5x*)

= x°(54x7"%) +15x* —30x°

=54x"° +15x* —30x°

=24x7° +15x*

=15x* +2—§
X

(v) Let f (X) = x*3 —4x°)
By Leibnitz product rule,

f(x)=x" %(3—4{5) + (3—4x‘5)%(x4‘)
= X0 4(=5)x 1)+ (3 Ax ) (A
=X*(20x %)+ (3—4x°)(-4x°)

=20x" -12x° +16x "

=36x"° —12x7°

12 36
S

) 2 NG
vi) Let f(X) = ——
(Vi) ® Xx+1 3x-1

f'(x)—i(ij_i X’
Cdx\x+1) dx|3x-1

By quotient rule,




d d d 2
(x+1)&(2)—2&(x+1) ) (3x—1)&(x )—X &(SX—l)
(x+1)? (3x—1)?

f1(x) =

[ x+D0)-200)| [ Bx-1)(2x)-x*(3)
- (x+1)? (3x—1)?

=2 | 6x*-2x-3x
(x+)? | (3x-1°

2 -2
(x+1)* | (3x-1)7?

_ 2 X(3x-2)
C(x+1)?  (3x-1)?

Find the derivative of cos x from first principle.

Solution 10: Let f(x) = cos x. Accordingly, from the first principle,

_lim cos(x+h) — cos(x)}
h—0 h

h—0 h

B "m_cos xcosh—sin xsinh—cos x}

. [ —cosx(1—cosh) —sinxsinh}
=lim
h-0| h h
. (1-cosh . ._(sinh
=—cos x| lim —sinx| lim{ —
h—0 h h—0 h
=—cos x(0) —sin x(1) [Iiml_COSh =0 and Iimﬂﬂ}
h—0 h h—0 |

s F(X)=—sinx




Find the derivative of the following functions:
(1) sin x cos x
(i) sec x
(iii) 5sec x + 4cos x
(iv) cosec x
(v) 3cot x + 5cosec x
(vi) 5sin x —6cos x + 7

(vii) 2tan x — 7sec x

Solution 11: (i) Let f (x) = sin x cos x. Accordingly, from the first principle,

B Iimsin(x+h) cos(X+h)—sin xcos x
B h—0 h

= Lirr012—1h[25in(x+ h) cos(x+h) —2sin xcos x]

A ;
= LILTOIE[SII‘] 2(x+h)—sin 2x]

1 2X+2h+2x . 2Xx+2h—-2x
=lim—| 2cos -sin
h-0 2h | 2 2
1 4x+2h . 2h
=lim—| 2cos -Sin—
h—>02h 2

.1 .
= LILTJE[COS(ZX +h)sinh]
. ._sinh
=limcos(2x+h)-lim——
h—0 h—-0 h
=cos(2x+h)-1

=C0S 2X

(i) Let f (x) = sec x. Accordingly, from the first principle,



. sec(x+h)—secx
=lim
h—0 h

1] 2 1
=lim= -
-0 h| cos(x+h) cosx

.1 cosx—cos(x+h)
h—0 h| cosxcos(x+ h)

_—Zsin(x+x+h)sin(x_x_hj
1 .1 2 2
=——.|lim=

CoSX h-0h cos(x + h)

_—25in(zx+hjsin(_hj

1 .1 2 2
=—— |lim=

COSX h-0h cos(x + h)

cosx h-0 2h cos(x +h)
. (h . (2x+h
sin| — sin
1 . 2) 2
= -lim -lim
COSX -0 (hj h>0  COS(X + h)
2
1 _1.sinx
COSX  COSX
=secxtan x

(iii) Let f (x) = bsec x + 4cos x. Accordingly, from the first principle,

_lim 5sec(x+h)+4cos(x+h) —[5secx+4cos x]

h—0 h




[sec(x+h)—secx] [cos(x+h)—cos x]

=5lim +4lim
h—0 h h—0

:5Iiml t ! +4Iim1[cos(x+ h)—cos x|
-0 h| cos(x+h) cosx h—0 h

1[ cos x—cos(x+h)
h—0h| cosxcos(x+h)

}+4Iim£[cosxcosh—sin xsinh—cosx]
h—0 h

—2sin 2x+h sin -h
5 . 1 2 2 . (L—cosx) . .. sinh
=——:-|lim= +4| —cos xlim——~ —sinxlim——
CosSX h-0h cos(x+h) h—0 h h-0

o (2xh Sin(_zhj
,

" cosX h-0 cos(x + h)

. (h ) 2x+h)
sin| — sin
5 . 2 i 2
. . Im

= lim
COSX | -0 (hj h—0  cos(X + h)

+4[-cos x(0) —sin x(1)]

—4sinx

2

—5 Sihx -1-4sin x

" COSX COSX

=5sec xtan x—4sin x

(iv) Let f (x) = cosec x. Accordingly, from the first principle,

= Li m % [cosec(x +h) —cosec x]

1l 1 1
=lim=| — ——
-0 h| sin(x+h) sinx

.1 sinx—sin(x+h)
h—0 h| sinxsin(x+h)



[2x+hj
—C0S
2

=lim

(x+x+hj . (x—x—hj
2C0s -sin
2 2

sin xsin(x+h)

i (2x+h] . (—h)
2C0s -sin| —
1 2 2

sin xsin(x + h)

(2]
y

h—0

sin xsin(x+h)

(2x+hj ) (hj
—COoS sin| —

) 2 ) 2

=lim im

o) sinxsin(x +h) | " (hj

2

_ [ —cosx 1
sin xsin x

=—C0sec Xcot X

(v) Let f(x) = 3cot x + 5cosec x. Accordingly, from the first principle,

.1
=lim=—
h—0 h

[3cot(x + h) +5cosec (x + h) —3cotx —5cosec ]

:3Lin3%[cot(x+ h) —cot x]+5|hing%[cosec(x+ h) —cosec x] (1)

Now, Ihing%[cot(x+h)—cotx]:lim1

h—0 h

[cos(x +h) cos x}

sin(x+h) sinx

[ cos(x+h)sin x—cos xsin(x + h)
sin xsin(x + h)

" sin(x—x—h) }

| sinxsin(x+h)



:Iiml{—_ sin(=h) }
h-0 h| sin xsin(x+ h)

. sinh . 1
:Ilm—'llm P —
h-0 h  h-0| sin xsin(x+h)

1 -1

-l =—— =—C0sec’X (2
sinxsin(x+h) sin®x

Iiml[cosec(x+h)—cosecx]:Iim1 - 1 _1

h—0 h h-0 h| sin(x+h) sinx

.1 sinx—sin(x+h)
=0 h| sinxsin(x+h)

i (x+x+hj . (x—x—hj
2C0S -Sin
1 2 2

=lim= . -

h—0 h sin xsin(x+h)
| (2x+h] : (—hj
2C0S -sin| —

i 1 2 2

=lim= —

h-0 h sin xsin(x + h)

oo 2Xh _Sin(_zh)
O

=lim - -
h—0 sin xsin(x+h)
(2X+hj : (hj
—CO0S sin| =
. 2 . 2
=lim -lim

h>0| sin xsin(x+h) | h-o (h)

2
:(ﬂ).l
sin xsin x
=—COSEC X Ccot X ....(3)

From (1), (2), and (3), we obtain

f'(X) = —3cosec? x — 5cosec x cot X



(vi) Let f(x) = 5sin x — 6cos x + 7. Accordingly, from the first principle,

= Lirr()\%[Ssin(x+ h) —6cos(x+h)+7—5sinx+6cos x—7]

1 . .1
:5L|Lr()1ﬁ[5|n(x+h)—5|nx]—6|hlggﬁ[cos(x+h)—cosx]

1] X+h+x) . ([ Xx+h-=x . cosxcosh—sin xsinh—cos x
=5lim=| 2cos -sin —6lim
h—0 h 2 h—0 h

:5Iim% ZCOS(ZXZ—i_h)'Sin(E }_mim[—cos X(1—cosh) —sin xsin h}

h—0 h

_ T
1 2x+h sm(zj .

cos . —6lim

2 h

h—-0 h (hj h—0
2 -
. (h
sin| — .
: 2x+h) || . (2} . 1-—cosh e . sinh
=5/ limcos| —— | || lim——=—= [-6] —cos x| lim =sin x| lim——
h—0 2 h—0 (hj h0  h h-0 h

[—cos X(1—cosh) sinxsin h}

2
=5c0s X-1—-6[(—cos x) - (0) —sin x-1]

=5c0s X+6Ssin X

(vii) Let f(x) = 2 tan x — 7 sec x. Accordingly, from the first principle,

= LirrO\%[Ztan(x+ h) —7sec(x+h)—2tan x+ 7sec x]

.1 .1
= ZL'LQﬁ[tan(XJF h) —tan x]—7 Ihlggﬁ[sec(x+ h) —sec x]

1_sin(x+h)_sinx}7"ml{ 1 1 }

-0 h| cos(x+h) cosx -0 h| cosec (x+h) © cosecx

1] cos xsin(x+h) —sin xcos(x+h)}7"m 1 {cosx—cos(x+h)}

-0 h| Cos X cos(X+ h) -0 h| cosx cos(x+h)



osin X+X+h sin X—X—-h
. 1| sinx+h-=x 1 2 2
=2lim= —7lim=

h—0 h| cos X cos(x+ h) h—0 h cos xcos(x +h)

—25in(2x+h)sin(_hj
=2{m(smhj 1 } Z1im 2 2

h Jcosxcos(x+h) T hoh cos xcos(x +h)

hj . (2x+hj

— sin

2 . 2
lim

sinh 1 >in
=2(Iim—) lim =7 lim
h-0 h—0 cOS X CoS(X + h) h—0 h—0 cos X cos(X + h)

N| | ——~

=2.1.1;_7.1[ﬂj
COS XCOS X COS XCOS X

= 2sec? x—7sec xtan x






