Miscellaneous Exercise

Question 1: Find the derivative of the following functions from first principle:

(1) —x
(i) (%)
(iii) sin (x + 1)

. T
(iv) cos(x—gJ

Solution 1: (i) Let f(x) = —x. Accordingly, f(x + h) = —(x"+ h)
By first principle,
f(x+h)—1(x)
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(ii) Let f(x)=(-x) =— - Accordingly, f(x + h) = oah

By first principle,

£(x) = lim f(X+hr)]— f(x)

h—0

1] -1 (—1)}

=[lim= S —
o h| (x+h) \ X
1[ —x+(x+h)
h-oh|  X(x+h)

: h
=lim=—
h-0 [y _x(x+h)}

=lim
h-0 X(X+h)

(iii) Let f(x) = sin(x + 1). Accordingly, f(x + h).=sin(x + h + 1)
By first principle,
f(x+h)—f(x)
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(iv) Let f(x) = cos(x—%j. Accordingly, f(x + h) = cos(x+h—gj

By first principle,

f'(x)= Ihm
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Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, r and s are fixed non-zero constants and m and n are integers): (X + a)

Solution 2: Let f(x) = x + a. Accordingly, f(x + h) =x+h+a
By first principle,

f(x+h)—f(x)
h

=l

X+h+a—x—-a

Find the derivative of the following functions (it is to be understood that a, b, c,

d, p, g, r and s are fixed non- zero constants and m and n are integers): (px + Q) (£+sj
X

Solution 3: Let f(X) = (px + q)(£+s)
By Leibnitz product rule,
, r Y (r .
f (x):(px+q)£;+sj +£;+s)(px+q)
= (px+q)(rx‘l+s)'+(£+sj(p)
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Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, r and s are fixed non-zero constants and m and n are integers): (ax + b) (cx + d)?

Solution 4: Let f'(x) = (ax+b)(cx+d)?

By Leibnitz product rule,

f'(x) :(ax+b)%(cx+d)2%(ax+b)

= (ax+b)i(czx2 +2cdx®) + (cx+d)? i(ax+b)
dx dx

= (aX-Fb)[%(CZXZ)+%(ZCdX)+%d2j|+(CX+d)2 [%ax+%b}

= (ax+b)(2c*x+2cd) + (cx +d)*a

= 2c(ax+b)(cx+d) +a(cx +d)*

Find the derivative of the following functions (it is to be understood that a, b, c,
ax+b

cx+d

d, p, g, r and s are fixed non zero constants and m and n are integers):

ax+b

Solution 5: Let f(x)=
cx+d

By quotient rule,

(ox+d)-3 (ax-+b) — (ax-+b) L (cx+d)
dx dx
(cx+d)?

_ (cx+d)(a)—(ax+d)(c)
- (cx+d)?

f'(x) =




_ acx+ad —acx—bc
(cx+d)?

_ ad —bc
(cx+d)?

Find the derivative of the following functions (it is to be understood that a, b, c,

1

1+=

d, p, g, r and s are fixed non-zero constants and m and n are integers): —)1(
1-=

X
17& e X+1
Solution 6: Let f(x)=—2X=—%X_=""= wherex # 0
1 x—
1T X1kl
X X
By quotient rule,
d d
(x-1)—(x-1)—(x+)—(x-1)
f'(x) = dx O x#£0,1
(x-1)
_ (X—l)(l)—(>§+1)(1)’x 401
(x-1)
= xlx=l o
(x-1)
= _—22,x¢0,1
(x-1)

Find the derivative of the following functions (it is to be understood that a, b, c,

d, p, g, rand s are fixed non-zero constants and m and n are integers): ————
ax® +bx+c

1

Solution 7: Let f(X)=—5————
ax” +bx+c

By quotient rule,



(ax? jtbxjuc)i(l)—i(ax2 +bx+c)
dx dx

f(x)=

(ax® +bx+c)?

(2 +bx+¢)(0) — (2ax +b)
- (ax® +bx +c)®

__—(2ax+h)
(ax® +bx+c)?

Find the derivative of the following functions (it is to be understood that a, b, c,

d, p, g, rand s are fixed non-zero constants and m and n are integers): —?x +b
PX° 40X+
: ax+b
Solution 8: Let f(X)=—F——
PX° +0X+r

By quotient rule,

(px2+qx+r)£(ax+b)—(ax+b)g(px2+qx+r)
dx dx

f'(x) =

(pX® +gx+r)°

_ (pX* +agx+r)(a)—(ax+b)(2px+0)
- (pX24gx+r)?

apx’ +agx +ar —agx + 2npx +bq
(pX® +gx+1)°

_ —apx’ + 2bpx +ar —bq
(px® +0x +r)?

Find the derivative of the following functions (it is to be understood that a, b, c,

2
. : X“+OX+r
d, p, g, r and s are fixed non-zero constants and m and n are integers): %
ax+

PXZ + X+ T

Solution 9: Let f(x) =
ax+b

By quotient rule,



(ax+b)i(px2+qx+r)—(px2+qx+r)i(ax+b)
dx dx

(ax+b)?

f'(x) =

_ (ax+b)(2px+g) = (px* +gx+r)(a)
- (ax+h)?

2apx’ +agx + 2bpx +bg —agx* —agx —ar
(ax+b)?

apx’ + 2bpx +bg —ar
(ax+b)?

Find the derivative of the following functions (it is to be understood that a, b, c,

. : a b
d, p, g, rand s are fixed non-zero constants and m and n are integers): — ——+Cos x
X' X

a
NG

f'(x)=i(%j d ( a j+i(cosx)

dx\ x _&? dx

Solution 10: Let f(x)= %+cosx
X

d
a_
dx

(x*) b (%) +5 - (e0sx)

a(—4x‘5)—b(—2x‘3)+ (=sinx) {%(x" ) =nx"" and %(cos X)=—sin x}

_-4a 2b .
X X

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, rand s are fixed non zero constants and m and n are integers): afx -2

Solution 11: Let f(x) = x -2

f() = WX-2) =S (40— @)



dx 2

)3

1 1
_4d (x2)-0= 4(1 lej

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, rand s are fixed non-zero constants and m and n are integers): (ax + b)"

Solution 12: Let f(x) = (ax + b)". Accordingly, f(x + h) = {a(x + h) + b}" = (ax + ah + b)"
By first principle,
f(x+h)—f(x)

h
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Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, rand s are fixed non-zero constants and m and n are integers): (ax + b)" (cx + d)™

Solution 13: Let f(x) = (ax + b)" (cx + d)™
By Leibnitz product rule,

f'(x):(ax+b)”%(cx+d)m+(cx+d)m%(ax+b)” (D)

Now let fi(x) = (cx + d)™
fi(x +h) = (cx + ch + d)™

fi(x+h) - £,(x)
h

f1 '(x) = Ihlﬂg

(cx+ch+d)™ —(cx+d)"
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i(cx+d)m =mec(cx+d)™* - (2
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Similarly, %(ax+b)n =na(ax+b)"* .. (3)
Therefore, from (1), (2), and (3), we obtain
f '(x) = (ax+b)"{mc(cx +d)™ 3+ (cx+d)"{na(ax +b)" '}

= (ax+b)"*(cx+d)™*[mc(ax +b) +na(cx +d)]

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, rand s are fixed non-zero constants and m and n are integers): sin (X + a)

Solution 14: Let, f(x) = sin(x + a)
f(x + h) =sin(x + h + a)
By first principle,
f(x+h)—f(x)
h

f'(x) = lim

h—0

_lim sin(x+h+a)—sin(x+a)
h—0 h
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Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, r and s are fixed non-zero constants and m and n are integers): cosec X cot x

Solution 15: Let f(x) = cosec x cot x

By Leibnitz product rule,

f(x) = cosec x(cot x)’+cot x(cosec x)’ ....(1)

Let f1(x) = cot x. Accordingly, fi(x + h) = cot (x + h)
By first principle,

100 = im f(x+hz— f(x)

h—0

_lim cot(x + h) —cot(x)
h—0 h

1( cos(x+h) cos(x)
-0 h\ sin(x+h) sinx

1( sin xcos(x+ h) —cos xsin(x-+h)
h-0 h sin xsin(x+h)

1( sin(x—=x+h)
h-0 h | sin xsin(x+ h)

1 "ml{ sin(~h) |

~sinx h>0 h| sin(x+h) |

-1 /(,.. sinh)(,. 1
=— lim lim—
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=—-1 lim————
sin X -0 sin(x+0)

~ sin?x
= —cosec’x
. (cot x)' = —cosec’x .. (2)

Now, let f2(x) = cosec x. Accordingly, f2(x + h) = cosec(x + h)



By first principle,

00 =tim fz(x+h|2— £,(%)

= Ihi m % [cosec(x + h) —cosec(x)]

.1 1 1
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1 i 1 2 2
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sinx h-0h sin(x+h)
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sinx -0 (hj sin(x +h)
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: [h) (2x+h)
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T sinx sinx

=—COSEC X COot X

.". (cosec x)' = —cosec X - cot X
From (1), (2), and (3), we obtain

f '(X) = cosec x(—Ccosec’x) +Ccot X(—COsec X cot X)



= —cosec® X —cot® Xcosec X

Find the derivative of the following functions (it is to be understood that a, b, c,
COS X

d, p, g, r and s are fixed non-zero constants and m and n are integers): Trs
+sin x

COS X
1+sinXx

Solution 16: Let f(x) =
By quotient rule,

(1+sin x)i(cos X) — (cos x)i(l+sin X)
f '(X) — dx dx

(L+sinx)?

_ (A+sinx)(—sin x) — (cos x)(cos x)
- (1+sin x)?

_ —sinx—sin® x—cos’ x
(1+sin x)?

_ —sinx—(sin” x+cos’ X)
(1+sin x)?

_ —sinx-1
(L+sin x)?

_ —(1-sinx)
(1+sinx)?

B -1
(L+sin x)?

Find the derivative of the following functions (it is to be understood that a, b, c,
sin X+ Cos X

d, p, g, rand s are fixed non zero constants and m and n are integers): —
sin X —Ccos X

sin X+ cos X

Solution 17: Let f(x) = =
Sin X —Cos X



By quotient rule,

(sinx—cos x)i(sin X+ CO0S X) — (Sin X+ Ccos x)i(sin X —CO0S X)
f '(X) — dx dx

(sin X +cos x)*

_ (sinx—cos x)(cos x—sin X) — (sin X +cos X)(Cos X +Sin X)
(sin X +cos x)*

_ —(sinx—cos x)? — (sin X+ cos x)?
(sin X +cos x)*

_ sin® x+cos® x—2sin xcos X +sin® X+ €os” X+ 2sin Xcos X]
(sin X +cos x)*

1+
(sin x—cos x)*
B -2
(sin x—cos x)*

Find the derivative of the following functions (it is to be understood that a, b, c,
secx—1

secx+1

d, p, g, rand s are fixed non-zero constants and m and n are integers):

Solution 18: Let f(x) = S
secx+1
N
£ (x) = £OSX :1—cosx
1 4 Z1+cosx
COS X

By quotient rule,

(2+cos x)i(l—cos X) — (1—cos x)i(1+ COS X)
f '(X) — dx dx

(1+cos x)?

_ (I+cos x)(sin x) — (1—cos x)(—sin X)
B (1+cos x)?

_SiN X+C0s XSin X +Ssin X —sin X cos X
(1+cosx)’




_ 2sinx
(L+cos x)®

2sinx  2sinXx
( 1 T (sec x +1)?
14— |
Sec X sec” X
_ 2sinxsec” X
(sec x+1)°

_ _COSX
(sec x +1)°

_ 2secxtanx
(sec x+1)?

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, r and s are fixed non-zero constants and m and n are integers): sin" x

Solution 19: Let y =sin" x.
Accordingly, forn=1, y = sin x.

dy . d .
.'.d—zcosx, i.e., —sin X =Cosx

X dx
Forn=2,y=sin?x.

s dy :i(sin Xsin x)
dx

" dx
= (sin x)'(sin x + sin x(sin x)' [By Leibnitz product rule]
= €0S X Sin X + sin X oS X
= 2sin X €0S X ...

Forn=3,y=sin®x.

@y_d (sin xsin® x)
dx dx
= (sin x)'sin? x + sin x(sin x)' [By Leibnitz product rule]

= C0S X sin? x+sin x(2sin x cos X) [Using (1)]

= ¢os X sin? x + sin? X cos X



= 3sin? X €os X
d H s~ (n-1)

We assert that d—(sm X) =nsin"™ xcos x
X

Let our assertion be true for n = k.

i.e., i(sink x)=ksin®® xcosx  ....(2)
dx
Consider
i(sink+l X) =i(sin xsin® x)
dx dx
= (sin x)' sink x + sin x (sink x)' [By Leibnitz product rule]
= cos x sin® x + sin x (ksin®? cos x) [Using (2)]

= €0S X Sin X + 2 sin* x cos x
= (k + 1) sin® x cos x

Thus, our assertion is true for n = k + 1.

Hence, by mathematical induction, di(sin” x) =nsin® " xcos x
X

Find the derivative of the following functions (it is to be understood that a, b, c,
a+bsinx

d, p, g, rand s are fixed non-zero constants and-m and n are integers):
c+dcosx

a+bsinx

Solution 20: Let f(x) =
c+dcosx

By quotient rule,

(c+dcosx):x(a+bsin X) —(a+bsin x)(?x(c+d COS X)

f1(x) =

(c+d cos x)?

_ (c+dcosx)(bcos x)— (a-+bsin x)(—d sin x)
(c+dcosx)?

_ cbcos x+bd cos® x+ad sin x +bd sin® x
(c+dcosx)?




__bccos x+ad sin x +bd (cos? x+sin’ x)
(c+d cosx)®

_ bccosx+adsinx+bd
(c+dcosx)’

Find the derivative of the following functions (it is to be understood that a, b, c,
sin(x +a)
COS X

d, p, g, r and s are fixed non-zero constants and m and n are integers):

sin(x + a)
COS X

Solution 21: Let f(x) =
By quotient rule,

d .. . d
cos X [sin(x+a)] —sin(x +a) — cos X
o SN+ )] =sin(x+a)

f(x) =

cos’ x

cos xi[sin(x+ a)]—sin(x+a)i (—sinx)
f(x) = s

~ ()

cos” X
Let g(x) = sin(x + a). Accordingly, g(x + h) =sin (x +h + a)
By first principle,

() = [im 3N —9(x)
g'(x)=Iim .

= Ling%[sin(x+ h+a)—sin(x+a)]

1 x+h+a+x+a). (x+h+a—-x—-a
=lim=| 2cos sin
h—0 2 2

1] 2x+2a+h) . (h
=lim=| 2cos| ———— |sin| —
haOh_ 2 2

. (h
. (2x+2a+hj S'n(z)
=lim| cos
h (hj
2

h—0



sin(j
=|imcos(&ha+h].|im _\2) [Ash—>0:>g—>0}

h—0 h—0 ( hj
2

=(cos ZXerza)xl [Iimwzl}

h—=0 |
=Cos(x+a) ... (i)
From (i) and (ii), we obtain

COS X COS(X +a) +sin xsin(x + a)
cos’” X

f'(x) =

_cos(X+a—x)
cos? x
_ cosa
cos? X

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, r and s are fixed non-zero constants and m and n are integers): x* (5 sin X — 3 cos x)

Solution 22: Let f(x) = x* (5 sin x =3 cos X)

By product rule,
1 4 d H 5 d 4
f'(x) = x" — (5sin x—3cos x) +(5sin x —3cos X) — (x")
dx dx
Jod o d . d, .
=X"| 5—(sinx) —3— (cos x) |+ (5sin x—3cos x) — (x")
dx dx dx

= x"[5c0s x—3(—sin x)]+ (5sin x—3c0s x)(4x°)

= X*[5X cos X +3xsin X+ 20sin X —12¢0s X]

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, rand s are fixed non-zero constants and m and n are integers): (x> + 1) cos x



Solution 23: Let f(x) = (x*> + 1) cos X
By product rule,

f'(X)=(x*+1) d (cos x) + cos x d (x*+1)
dx dx

= (X* +1)(—sin x) +cos X(2x)

=—x%sin X —Sin X+ 2X oS X

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, r and s are fixed non-zero constants and m and n are integers): (ax? + sin x) (p + q cos

X)
Solution 24: Let f(x) = (ax? + sin x) (p + g cos X)
By product rule,
' 2 H d d 2 3
f'(x) = (ax” +sin x)d—(p+qcosx)+(p+qcosx)d—(ax +5sinXx)
X X

= (ax® +sin X)(—qsin X)+(p + g cos x)(2ax +cos x)

=—qsin x(ax* +sin x)+(p + ¢ cos x)(2ax -+ cos X)

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, r and s are fixed non-zero constants and m and n are integers): (X + cos X) (X —tan X)

Solution 25: Let f(x) = (X + cos X) (x —tan X)

By product rule,
. d d
f'(X) = (X+cos X) — (X — tan X)+(X — tan X) — (X + c0S X)
dx dx

=(X+cosX) _i xX)— a (tan X)} +(x —tan X)(1—sin x)
| dx dx

= (X+C0S X) _1—%(tan x)}(x—tan X)(L—sinx) . (D)



Let g(x) = tan x. Accordingly, g(x + h) = tan(x + h)
By first principle,

() — [im 3N —9(x)
g'() =Iim .

tan(x + h) —tan(x)

=lim

1[ sin(x+h) _sinx
-0 h| cos(x+h) cosx

1[ sin(x+h) cos x —sin xcos(x+ h)
h—0 h| cos xcos(X + h)

= lim=
cosx -0 h| cos(x+h)

1 . 1] sinh
= lim=
cos X "0 h| cos(x+h)

1 . sinh)(,. 1
= lim lim
cosx\ >0 h h-0 cos(x + h)

_1 1
COS X cos(x+0)

1 1_sin(x+h—x)}

_ 1
cos? X

=sec’ X ... (ii)
Therefore, from (i) and (ii) ,We obtain

f '(X) = (x+cos X)(1—sec’® X)+(Xx — tan X)(1 —sin X)
= (X+cos X)(—tan® X)+(X — tan X)(1—sin x)

=—tan® X(X+cos X)+(X — tan X)(1—sin x)

Find the derivative of the following functions (it is to be understood that a, b, c,
4x+5sin x

d, p, g, r and s are fixed non-zero constants and m and n are integers): ———
3X+7Cos X



4X+5sin x

Solution 26: Let f(x) =
3X+7Cos X

By quotient rule,

(3x+7cos x)§(4x+5sin X) — (4x+5sin x)§(3x+7003 X)
X X

F'(x) =

(3x+7cos x)?

(3x+7cosx) [4d (x) +5i (sin x)} —(4x+5sinx) [Bd (X)+ 7i (cos x)}
dx dx dx dx

(3x+7cos x)?

_ (3x+7c0sx)[4x+5c0sX]—(4x+5sinx)[3-7sinx]
B (3X+7cos X)?

_ 12x+15xc0s X+ 28xc0s X+ 35¢0s” X —12x + 28xsin X —15sin X +35(cos’ X +sin” X)
(3x+7c0os x)?

_ 15xc0s X+ 2805 X + 28xsin X —15sin x + 35(cos’ X +sin’ x)
(3X +7cos x)?

_ 35+15xcos X + 28c0s X + 28xsin x —15sin x
(3X+7c0os X)?

Find the derivative of the fallowing functions (it is to be understood that a, b, c,

X% cos (”j
_\4)

d, p, g, rand s are fixed non-zero constants and m and n are integers): -
sin X

2 T
X cos(4j
Solution 27: Let f(xX) = ————=
sin x

By quotient rule,

sin xi(xz)—xzi(sin X)
fi(x)= cos(z] dx dx
4 sin® x




_ Cos(zj{sin x(2X) — x2(cos X)}
4

sin® x

xcos%[Zsin X —XCos X]

sin? x

Find the derivative of the following functions (it is to be understood that a, b, c,

d, p, g, r and s are fixed non-zero constants and m and n are integers):

1+tan x

X
1+tan x

Solution 28: Let f(x) =

(1+tanx) d (xX)—(x) d (1+tanx)
dx dx

f'(x) =

(1+tan x)°

(1+tanx)— xi(1+tan X)
= f'(x)= dx S0

(L+ tan x)°

Let g(x) =1+ tan x. .Accordingly, g(x + h) =1 +tan(x+h).
By first principle,

oy i 9(X+0) —g(X)
g (x)=lim "

_ Iim[“ tan(x + hr)] -1- tan(x)}

h—0

1| sin(x+h) sinx
h~0 h| cos(x+h) cosx

Iiml sin(x +h) cos x —sin x cos x(x + h)
h—0 h cos(x+ h) cos x

_ I.ml{ sin(x+h—x) }

-0 h cos(x +h)cos x



.1 sinh
lim=
h~0 h| cos(x+ h)cos x

. sinh ) (.. 1
lim—— |.| lim
h-0 h h—0 cos(X + h) cos x

= 1x

> =sec’ X
cos

:>i(1+tan2 X) =sec” X ....(ii)
dx

From (i) and (ii), we obtain

1+tan x — xsec? x
(1+tan x)

f'(x) =

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, r and s are fixed non-zero constants and mand n are integers): (X + sec x) (X — tan x)

Solution 29: Let f(x) = (X + sec x) (x — tan x)

By product rule,

f(x)= (x+secx)i(x—tan X) +(x—tan x)i(x+sec X)
dx dx

(X+secx) [% () —%tan x} +(X—=tan x) [% (%) —%sec x}

f (x+secx) {1—i tan x)} +(x—tan x) {l+isec x} (i)
dx dx

Let f; (x) =tan x, f2 (X) = sec x

Accordingly, fi (x + h)-tan(x + h) and f, (x + h) = sec (x + h)
nu+m—na@
h

H@ﬂm[

= lim
h—0

{tan(x +h)— tan(x)}
h



1[ sin(x+h) _sinx
-0 h| cos(x+h) cosx

1[ sin(x+h) cos x —sin xcos x(x+h)

h—0 h| cos(x+ h) cos x

1[ sin(x+h—x) |
h—0 h| cos(x+h)CosX |

1 sinh
h—0 h| cos(x+h)CosX |

_(:.sinh . 1
= lim—— || im
h-0 h h—0 cos(X + h) cos x

=1x

> =sec’ X
cos

= i(1+tan2 X) =sec’ X
dx

f 'z(X)=lhing( f, +(x+h) - fz(x)j

h

_ Iim(sec(x+h)—sec(x)j

h—0 h

1 1 1
=lim= —
h-0 h\ cos(x+h) cosx

—Iiml C0S X—c0os(X+h)
h-0 h{ cos(x+h)cosx

_—Zsin X+ X+h Sin X—X—h
1 1 2 2

|

)

= lim=
COS X -0 h cos(x + h)
(12X
—2sin
1 1 (

s 20 o)

COS X h—0 h cos(x+h)




o[ 2 Sin@j |
a1

1 1
= im—=
COS X -0 h cos(x + h)
sin D
. . (2x+h . 2
limsin lim
h—0 2 h o h
5 n
(2)
=Secx -
limcos(x+h)
h—0
sinx-1
=Secx-
COS X

d
— —Sec X =Ssec xtan x
dx

From (i), (ii), and (iii), we obtain

f '(X) = (x+sec x)(1—sec? x) + (X —tan x)(1+sec xtan X)

Find the derivative of the following functions (it is to be understood that a, b, c,

d, p, g, rand s are fixed non-zero constants and m and n are integers):

sin” x

X

Solution 30: Let f(x) = —
sin” x

By quotient rule,

sin” xix—xisinn X
f '(X) — dx — dx
sin“" x

. d . -
It can be easily shown that ™ sin" x=nsin"™ x cos x
X

Therefore,



sin” xix—xisinn X
f '(X) — dx — dx
sin“" x

sin” x.1-x(nsin""* xcos X)
sin*" x

sin"* x(sin X —nx cos X)
sin®" x

Sin X —NXxcos X

AN+l

SIn" " X






