Exercise 9.6

Sol.

In each of the following differential equations given in
Exercises 1 to 4, find the general solution:

4y + 2y = sin x
dx Y =

d
The given differential equation is d7i + 2y = sin x

| Standard form of linear differential equation

d
Comparing with & + Py = Q, we have P = 2 and Q = sin x

dx
[Pdc=[2de=2[1dx=2 LF. =  fPdr = o
Solution is  y(IF)= [ QLF.) dx +c
or yezxzjestinx dx + ¢
or yeX=I+c¢ (D)
where 1= [e™sinx dx i)
I I

Applying Product Rule of Integration

D I.de:Ijndx—j(%(I)j dede},

= e? (= cos x) — J. 2e** (~ cos x) dx

or I=—¢e*cosux+ 2 J‘er cos x dx
I 11
Again applying Product Rule,
I=—eXcosx+2 [ez" sinx—J. 2e2* sinxdx}
= I=—e*cosx+2¥sinx -4 Iezxsinxdx

or I=¢e(—cosx+ 2sinx)— 4l
Transposing 51 = ¢* (2 sin x — cos x)
er
=5 (2 sin x — cos x)

Putting this value of I in (i), the required solution is
2x

e .
yeX=— (2sinx —cosx) +c

1 c
Dividing every term by e*, y = 5 (2 sinx — cos x) + 5]

1
or y:g(2sinx—cosx)+ce‘2x

which is the required general solution.



Sol.

Sol.

Sol.

dy 2

dx t 3y =e
. . . .. dy 9
The given differential equation is T 3y =e
| Standard form of linear differential equation

d
Comparing with d7z +Py=Q, wehave P=3and Q = e

J.de=_|.3dx=3_|.1dx=3x I.F.:edex=e3x
Solution is y(LF.) = [ Q(LF.) dx + ¢

or y e® = _[efzx e dx + cor= J~e*2x+3x dx + ¢ = _[ex dx +c
or ye¥ =e' +¢

Dividing every term by e,

e c

y=ﬁ+e3x or y=e‘2"+ce’3x
e
which is the required general solution.
dy 'y
de ¥ x * x?
. . . . dy Ty
The given differential equation is + =X
dux X

. dy ‘ 1 )
It is of the form T Py = Q Comparing P = P Q=x

P J‘ 1 | Pdx log x
_[ dx = xdx:logx o LF. =, =e =x
The general solution is y(I.F.).= .[ QIF.)dx +c

4

or yx=.[x2-xdx+c=.[x3dx+c or xy=%+c.

hac = 0<x<—
dx t (sec x) y = tan x 2

d
The given differential equation is GTi + (sec x) y = tan x

: dy
It is of the form T Py = Q.
Comparing P =secx, Q =tan x
.[P dx = Jsecx dx = log (sec x + tan x)
LF. = JPdr = gloglsecxvtan® _ go0 x4 tan x
The general solution is y(LF) = [ Q(LF) dx + ¢
or y (secx + tan x) = J.tanx (sec x + tan x) dx + ¢

= J(secxtanx+tan2x)dx +c = I(secxtanx+sec2x—1)dx +c

=secx +tanx —x + ¢



Sol.

Sol.

or y(secx + tan x) = sec x + tan x — x + c.
For each of the following differential equations given in
Exercises 5 to 8, find the general solution:

d P
. cos® x &y +y=tanx (05x<§j

dx

. . . L , dy

The given differential equation is cos® x e TV = tan x
. 9 . dy .
Dividing throughout by cos® x to make the coefficient of dx unity,
dy y tan x dy 9
- ¥ = = = + (sec®x)y = sec? x tan x
dx cos? x cos® x dx Y
It is of the form % + Py =Q.
X

Comparing P = sec® x, Q = sec? x tan x
[P dx= [ sec’ dx=tanx LF. = [ Pdr = pan+
The general solution is y(I.F.) = _[ QIE)dx+c
or yetdn ¥ = _[ sec’x tan x . e™¥dx 'k ¢ (@)

Put tan x = t. Differentiating 'sec® & dx.="dt

_[ sec’x tan x e ¥ dyx = _[ t el dt
I.11
Applying integration by Product Rule;
=t.e = J.1 ddi=t.é—e =(t=1)¢é =(tan x — 1) e~

Putting this value in eqn. (i), ye'** = (tan x — 1) ' * 4 ¢

Dividing every term by e'3™¥,

y = (tan x — 1) + ce” ** which is the required general solution.
dy
x o + 2y = &% log x

d
The given differential equation is «x d71 + 2y = 22 log x

d .
Dividing every term by x (To make coeff. of d—y unity )
X
dy 2

dx +;y=xlogx

. dy
It is of the form —~ + Py = Q.

dx
, 2 1
CompanngP:;,Q:xlogx _[de=ZJ.;dx=2logx
ILF = eJ.de =62 log x _ elong =x2| elogf(x) =f(x)

[Q@F) dx+c
or yx2=_[(X10gx).x2dx+c=J.(logx).x3dx+c

The general solution is y(I.F.)



Sol.

4 4 4
=logx.%—f% de+c =leogx—%_[x3dx+c
5 xt xt
or yx=zlogx—ﬁ+c
2 2
Dividing by «2, y = xZ log x — % + ;7
x? c
Y= 18 (4logx—-1) + 2

1 dy — 1
xlogx S~ +y= " logux

d 2
The given differential equation is x log x a% +y =7 log x

d
Dividing every term by x log x to make the coefficient of d7i
1 2

unity, g+ xlog x Y= 2

d
Comparing with d71 + Py = Q, we have

2

= xlog x and Q = 2

P J' 1 J' 1/x
[P oax-= Tlogs @5 = | Tog g dx = log (log

{ j’; ((x)) dx = log f(x)}

LF. = ef Pde _ plog log#) = og y

The general solution isy(L.F.) = .[ QILF)dx + c
2
= Y = 1 -2
or ylogx _[ 2 log x dx = 2 J.(0§x)xH dx +c

Applying Product Rule of integration,
-1
=92 {(logx)—.[ = dx:l +c =29 [_bﬂ+-‘- 2 dx} v
x

-1
5 I:_logx+x

-2
x _1:|+c or ylogx=7(1+logx)+c.

. (1 + x?) dy + 2xy dx = cot x dx (x £ 0)
Sol.

The given differential equation is (1 + x2) dy + 2xy dx = cot x dx

d
Dividing every term by dx, (1 + x2) diilc + 2xy = cot x

d
Dividing every term by (1 + x%) to make coefficient of ?i unity,



dy 2x cot x
de T 142 YT 1+

d
Comparing with @ + Py = Q, we have

dx
2x cot x
P—1+2andQ_1+x2
o)
Ide Il+x2 de =log | 1+ 2% { ff()dx log | f(x)1
=10g(1+x) [C1+22>0 :>|1+x2|=1+x2]

2
LF. = pJPde = Qlog+a) _ 7 4 42

Solution is yIF) = [Q@F) dx +c

cot
:>y(1+x2)=J.1+x2 (1+x%dx+c

= y(1 +4? = Icotx +c =yl +xY) =log|sinx|+c

log | sin x| ¢
Fo 2
i 1+x
or y=0+x® log|sinx|+c(l+ad)?!
which is the required general solution.

For each of the differential equations in Exercises 9 to 12,
find the general solution:

Dividing by 1 + «2, y =

9. x %+y—x+xycotx=0,(x¢0)
Sol. The given differential equation is
dy
X o +y—x+xycotx=0
dy
= xa+y+xycotx=x
dy
= xa+(1+xcotx)y=x

d
Dividing every term by x to make coefficient of d71 unity,

dy  (1+zxcotx)
+ IRy

dx x =1

d
Comparing with diic/ + Py = Q, we have

1+ xcotx

P

Ide:J‘w _I( xcotx)dx_j( +cotx)dx

= Jde = log x + log sin x = log (x sin x)

and Q=1




LF. = [Pdr = lo8sin® < x gin &
Solution is y(I.F.) = _[ QILF)dx + ¢

or y(x sin x) = f.xsinx dx + ¢
I 1II

[Applying Product Rule, [ I.1Tdx=1[ ITdx - | (;(I) [ dx)dx]
X

= y(x sin x) = x(— cos x) — Jl(—cosx) dx + ¢

= —x Ccos X + J.cosxdx +c

or y(x sin x) = —x cos x + sin x + ¢

s . —XCos X sin x c
Dividing by x sin x, y = - + ; + :
xsin x x sin x x sin x

C

1
or y=—cotx + — + -
x X.S1n.X

which is the required general solution.
dy
10. — =1
v+ dx

Sol. The given differential equation is

(x+y)ﬂ=1 = dix=(x +y)dy
dx

= — =x+Yy = @—xzy
dy dy

| Standard form of linear differential equation

Comparing with % +Px = Q, we have, P=-1 and Q=y
y

dey:J.—ldy=_J.1dy=_y I.F_=eIde=efy
Solution is «x(I.F.) = J. QILF)dy + ¢
or xe Y = J.ye’y dy + ¢
I1I

[Applying Product Rule, _[ I.IIdy=1 J. IIdy- I (; D) _[ 11 dy] dy]
y

e’ _
= xe ¥ = j—fl-_idy+c =—ye"y+.|.eydy+c
eV
-1

=xeV=—-ye Y-V +c

=—ye ¥ +



c
Dividing every term by e™?, x = —y — 1 + ﬁ

or x+y+1=ce
which is the required general solution.

1. ydx + x-y) dy =0

Sol.

12.

Sol.

The given differential equation is y dx + (x — y*) dy = 0

dx

dx . dx e
Dividing by dy, Ygy ¥y =0 oy g +x=y

dx
Dividing every term by y (to make coefficient of aTy unity),
dx 1
d7y + ; x =y | Standard form of linear differential equation

dx
Comparing with d7y + Px = Q, we have

le and Q =y
y

_[de = J% dy =log y
LF. = eIde =el%8Y =y

Solution is x(L.F.) = _[ QILF)dy + ¢
3

:>x.y=.[yydy +e = xy=J.y2dy +c = xy=y§+c

Dividing b sl
SR
ividing by y, %= 3 3
which is the required general solution.

dy
(x+3y2)a =y (y>0)

d
The given differential equation is (x + 3y?) d—i =y

2 @ 2 @ 2
Syde=x+3y)dy = ydy =x+ 3y = ydy —x =3y

dx
Dividing every term by y (to make coefficient of d7y unity),
dx 1

d7y -y x =3y | Standard form of linear differential equation

dx
Comparing with d7y + Px = Q, we have P = 7 and Q = 3y

1
[Pay -- J; dy =-logy=(-1logy=logy"

1
ILF = e.[de = elogy_1 =y‘1 = ;



13.
Sol.

Solution is x(I.F.) = f QILF)dy +¢

1
= x. =

Cross — Multiplying, x = 3y> + ¢y
which is the required general solution.

1 X
=J.3y.fdy+c :>—=3_[1dy+c=3y+c
y y

For each of the differential equations given in Exercises 13
to 15, find a particular solution satisfying the given

condition:

dy .
dx +2ytanx =sinx;y =0 when x = 3

The given differential equation is
dy :
—— + 2y tan x = sin x; y = 0 when x = 3

dx
(It is standard form of linear differential equation)

d
Comparing with d7i + Py = Q, we have
P=2tanx and Q = sin x
I P dx

2 J. tan x dx = 2 log sec x = log (sec'x)?

(%~ n log m = log m")

2
IF. = ef Pde _ plog (sec 0% _ (gg¢ x)% = sec? x

Solution is y(LF.) = [ QLF) dx's ¢

. 2
= y sec® x = Jsmxsec X dx + ¢
J-sinx d _[ sin x
< x+c= ) T
cos® x COS X . COS X
2 _ t _
or Yy sec” x = anxsecx dx +c =secx + ¢
Yy 1
= 7 = +c

cos™ X COoS X

Multiplying by L.C.M. = cos? x,
y =cosx + ccosx

m
To find ¢: y = 0 when x = 3 (given)

) b1 , T
From (i), 0 =cos 7 + c cos 3

dx + ¢

(D)



14.

Sol.

c_-1 9
= 4= = ¢=-
Putting ¢ = — 2 in (i), the required particular solution is

y = cos x — 2 cos? x.

1
1+x2;y=0 when x =1

dy
(1+x2)£+2xy=

The given differential equation is

1+ x? ay + 2xy = L'y:OWhenle
dx 1+x%’

d
Dividing every term by (1 + x?) to make coefficient of d7z unity,

dy 2x 1
dx P 1+a?2 VT 1+a2)?

d;
Comparing with difc + Py = Q, we have

2x 1
P=1+x2 and Q=&
()

LF. = edex =elog(1+x)= 14 22

Solution is y(LF.) = [ QLF) dx + ¢
1
or y(1+x2)=Im(1+x2)dx+c

1

or y(1+x2)=,[ de+c=tan" 'x + ¢

x2+1
or y1 +a®) =tan" ' x + ¢ (@)
To find ¢: y = 0 when x = 1

Puttingy =0and x=1in(), O=tan ' 1 +¢

T
+c |:'-' tanzzl} = Cc = —

&~

or 0=

i
Putting ¢ = — 1 in (i), required particular solution is

~1a

y(1 +x%) =tan ' x —



15.

Sol.

16.

Sol.

D _g in2v;y=2 wh u

dx—ycotx-sm sy = when x =7

The given differential equation is % — 3y cot x = sin 2x
X

d
Comparing with d7i + Py = Q, we have

P =-3cot x and Q = sin 2x
JP dx =-3 .[cotx dx = — 3 log sin x = log (sin x)~ 3

i x- 3 .
ILF. = ej. Pde _ plog (sin2)™ % _ (gin x)~ 3 = 3

sin® x
The general solution is y(I.F.) = .[ QIF) dx + ¢
1 1
- = | sin2x ., — d
Y sindx -[ sin®x Tt
y 2 sin x cos x cos x
or sin®x = Iisin?’x dx + ¢ =2 J sinZx dx + ¢
cos x

= 1'7 x+c =2 fcosecxcotx dx = — 2 cosec x + ¢

sin x . sin x
or ,y3 =— _2 +c

sin® x sin x
Multiplying every term by L.C.M. = sin® x

y'=—2 sin?x +c sin® x )
T
To find ¢: Putting y = 2 and: x =3 (given) in (7),
. T[ . n

2=—2$1n2§+cs1n3§ or 2=—-2+c or c=4
Putting ¢ = 4 in (i),-the required particular solution is

y = — 2 sin? x + 4 sin® x.

Find the equation of the curve passing through the origin,
given that the slope of the tangent to the curve at any point
(x, y) is equal to the sum of coordinates of that point.
Given: Slope of the tangent to the curve at any point (x, y) =
Sum of coordinates of the point (x, y).

— =x+y = ﬂ-y:x

dx dx
Comparing with % + Py = Q, we have P=-1and Q =x
Jde=I—1dx=—jldx=—x I.F.=eIde=e7x

Solution is y(LF) = [ QLF) dx + ¢

ie., ye ¥ = _[xe_x dx + ¢
I II



17.

Sol.

[Applying Product Rule: J. I.I1dx=1 J. II dx —.[ % €)) (_[ 11 dx) dx}

e—x e—x
—F = - |1
= ye X7 f 1 dx + ¢
—X
or ye”‘:—xe’x+ J.efxdx +c oOr yefxz—xe’x.y 1 +c
orye*=—xe"*—e*+c or y——i—i+c
o & et e”
Multiplying by LC.M. =¢*, y = —x — 1 + ce* (1)

To find ¢: Given: Curve (i) passes through the origin (0, 0).
Puttingx =0andy=0in (@), 0=0-1+¢

or —c=-1 or c=1
Putting ¢ = 1 in (i), equation of required curve is
y=—x—-1+¢e or x+y+1=¢e"

Find the equation of the curve passing through the point
(0, 2) given that the sum of the coordinates of any point on
the curve exceeds the magnitude of the slope of the tangent
to the curve at that point by 5.

According to question,

Sum of the coordinates of any point say (x; y) on the curve.

= Magnitude of the slope of the tangent to the curve +J,5

(because of exceeds)

dy
i.e., x+y=£+5
L2, 3 dy 5
= g Fo=x Yy = g Y =x-

d
Comparing with a% + Py = Q, we have
P=-1 and Q=x-5
J.dezj.—ldxz—J.ldx=—x I.F.=eJde=e""
Solution is y(I.F.) = [ Q(LF.) dx + ¢

or ye ¥ = J.(X—5)efx dx +c
I II

[Applying Product Rule: I I.IIdx=1 I I dx —.[ % @ (_[ II dx) dx}

e~ e~
— - [1. —

or ye ¥ =—(x—5e *+ J.efxdx+c

dx + ¢

or ye ¥ = (x — 5)



18.

Sol.

19.

Sol.

—X

or ye‘x=—(x—5)e‘x+e_ +c
y (x-5) 1

or — = - — - —— +c¢
(e) (e”) (e®)

Multiplying both sides by L.C.M. = ¢*
y=—(x—-5)—1+ce*
or y=—x+5—-1+ce* or x+y=4+ce* (D)
To find c¢: Curve (i) passes through the point (0, 2).
Putting x = 0 and y = 2 in (1),
2=4+c or —2=c¢
Putting ¢ = — 2 in (i), required equation of the curve is
x+y=4-2¢" or y=4-—x— 2
Choose the correct answer:
The integrating factor of the differential equation
dy

&y — 9.2
xdxy2x1s

1
A) e ™ B) e? ©) N D) x

The given differential equation is x GTi —y =’

d
Dividing every term by x to make coefficient of d71 unity,

% _ 1 y = 2x | Standard form of linear differential equation
X x

d
Comparing with d%}c + Py = Q, we have P = v and Q = 2x

-1
IP dx = _[7 dc ==logx =logx~ ' [. nlogm =log m"

% 1
LF. = eIde = elogxl = x_l = ; [ elogf(x) — f(x)]

Option (C) is the correct answer.
Choose the correct answer:
The integrating factor of the differential equation

a 2)ﬂ 1 1
-y dy+yx—ay(— <y<l1

1 1 1 1
(A) yio1 B) \/}T_l © 7_ 2 D) 1y

The given differential equation is

(1 2 & = 1 1
—y)dy +yx=ay(-1l<y<l1)

dx
Dividing every term by (1 — y?) to make coefficient of d7y unity,



dx y ay
=1y

| Standard form of linear differential equation

dx
Comparing with d7y + Px = Q, we have

y ay
P = 12 and Q = 1- 2
y -1 -2y
_[P dy = 1- 42 dy = 2 142 dy
- A
= 5 log (1-»% [ ff(y)—logf(y)}

10g (1 _ y2)— 1/2

[Pdy _ olog (1-y4 12
e ~ 12

LF.

|
—~
[
|
o
<

[ elogf(x) — f(x)]

Option (D) is the correct answer.





