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Exercise 9.5 . @ S

In each of the Exercises 1 to 5, show\@%ii the given differential
equation is homogeneous and solve ach of them:
L G?+ay)dy=@2+y)de 0
Sol. The given D.E. is Q/‘&“
(2 + 2y) dy = (a2 +.97) dx D)
This D.E. looks to be he'ﬁlo'geneous as degree of each coefficient of
dx and dy is same gl,l}%ughout (here 2).
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The given D.E. is homogeneous.

Put % = v. Therefore y = vx.
b dv
de SV lHx o =vsa o

d
Putting these values of % and d7i in (ii), we have

dv 1+02
UEY dx T 1+w
T ing v to RES, x & = LY
ransposing v to RH.S.,, x - = 7=
dv 1+ -v-0? 1-v
= dx T 1+v T 1+v
Cross-multiplying x(1 + v) dv = (1 — v) dx
S i iabl == d dx
eparating variables 7 dv = <

1+v 1
Integrating both sides J. 1-v dv = J. » dx

1+1-1+4v 2-1-v)
= fﬁ dv=logx +¢c = J.*T_T dv=1logx +c

2 21og (1-v)
:fﬁ—l dv=logx+c =7 _7  -—v=lgx+c
= —2log(1-v)=v=1logx+c
_ Y - Yy
Putv_x, —ZIOg[ x]—x—logx+c
x-y Yy
Dividing by — 1, ZIOg[ P ] + =—-logx—c
og [ s rogan- ? e
= log x +logx=— " —c=log 2 =-5 ¢
Y _Y_ _Y _Y
ﬁM=exc=exe""é(x—y)2=CxexWhereC:e’”
which is the required solution.
,_ Xty
2. y' = p
. . . . . x+y
Sol. The given differential equation is y’ = x
dy _x ¥ dy Y y ,
= dr = . + x = dx =14+ o =f o L)

Differential equation (i) is homogeneous.



Yy _ . -

Put c =V R y =vx
dy v dv
de SVl o =vsx o

d
Putting these values of difc and y in (i),

dv dv
v+x ;- =1+v = x 5 =1 = xdv=dx
dx dx
. . dx
Separating variables, dv = >y
. ) dx
Integrating both sides, I 1 dv = _[ 7 v=1log|x|+c
. Yy Y
Putt1ngv=;,;=log\x|+c y=xlog|x|+cx

which is the required solution.
. x-y)dy-x+y)dx =0
Sol. The given differential equation is
x—y)dy —(x+y)dx=0 (D)
Differential equation (i) looks to be homogeneous because each
coefficient of dx and dy is of degree 1.
From (i), (x —y)dy = (x + y) dx

Y Y
&y xey M & y )
..azmz 7 or 3;:1_1 =f(x) (7))
[ x
x
Differential equation (i) is homogeneous.
Y
Put;:v Sy =ux
dy dv dv
e =v.1+xa =v+x oo
dv 1+v
Putting these values in (ii), v + x T = 1-v
o dv 1+v 1+v-v+0?
Shifting v to R.H.S., « = 1-0v V= 1,
dv 1+ 02
= Y ax T 1-v
Cross-multiplying, x(1-v)dv=(1+0v%dx
o -0
Separating variables, 1+ 02 dv = .

1-v

1
Integrating both sides, I 1402 dv = _[ < dx + ¢



=>.[ lzdv—f v2dv=JA%dx+c

1+v 1+v
SR S g
= tan v-5 I 2 dv =logx + ¢
1 (v)
:>tan‘11)—§10g(1+vz)=logx+c { I};.() v= Ing(U)}

2
. _l -1 Y 1 1+y— —
Putting v = x,tan "2 log( 2 =logx + ¢

oy 1 L

= tan . D) log 2 =logx +c
1

= tan1%—5[10g(x2+y2)—1ogx2]=1ogx+c

y 1 o 2. L
= tan x—zlog(x +y)+2210gx=logx+c

A

1 2, .2 1 2,2
—Elog(x +y%) = ¢ = tan- =§log(x +y9)+c

which is the required solution.

. @ -y dx +2xydy=0
Sol.

The given differential equation is

x? —y?) dx + 2xy dy = 0 ..(0)
This differential equation looks to be-homogeneous because degree
of each coefficient of dx and dy is.same (here 2).
From (i), 2xy dy = — (x* — y?) dx

dy SRy yi-a?

dx = 2%y  2xy
Dividing every term in the numerator and denominator of
R.H.S. by «2,

=

.20

: L

de =~ oY
The given differentialxequation is homogeneous.
y dy dv dv
Put T = v. Therefore y = vx .. ar =v.1l+x e CUFE g
Putting these values of % and % in differential equation (ii),
we have
dv v? -1 dv v? -1 v? -1-207
VX g = o = T T oy U T o,
2 2
- x@=‘” -1 __ @D Lx20dv=- 0%+ 1) dx

dx 2v 2v



Sol.

2v dv dx

= el T x

] ) 2v J- 1
Integrating both sides, 2l dv = — T dx
= log ? + 1) = — log x + log ¢
= log W* + 1) + log x = log ¢
= log W2 + 1) x =log c
= W+ Dx=c

Il
o

2 2 .2
Yy y +x
Putv:y,(z“Ll]x:c or ( 2 ]x
x| x x

=c or % +y%=cx

which is the required solution.

dy
2 = 22 _ 9n2
. X (dx]_xz 2y* + xy

d
The given differential equation is 2 (Ti = x2= 2% + xy

The given differential equation looks to be Homogeneous as all
terms in x and y are of same degree (here 2).

no

d 2 X
DividinggRA. 2"\ J )

d’ 2 y
or d—i —1%9 (ij + [xj )

e

Differential equation (i) is homogeneous.
Soput%:v Sy =ux

oy b dv
dx—l}. +xdx_v+xdx

Putting these values of e and dy in (2)
x dx ’

dv 9 dv 9 9
v+x5- =1-20°+0v or x5~ =1-20° = xdv =(1- 20v°) dx
dx dx

o do_ dx
Separating variables, 1-202 = %



1 1
Integrating both sides, _[ 12— (J20)? dv = ,[ - dx
1++2v
1 1-v2v
2.1 /2 = Coefficient of v

log

=log|x|+c

1 1 a+x
dx =—1o
{ Ia2—x2 2a & a—x}
1+J—y
. y ~
Puttmgv—x, 2\/— log 1- \/—y =log|x|+c

Multiplying within logs by x in L.H.S.,

x++/2y

2«/_ \/§y
In each of the Exerc1ses 6 to 10, show that the given D.E. is
homogeneous and solve each of them:

6. xdy-ydx = \x?+y% dx
Sol. The given differential equation is

xdy —yde=x2+y? dx or wdy=yde#t x®+y?.dx

Dividing by dx

2
dy dy Yy
Xigy =¥+ x2+y% or xd_y+x\1+(x)
Dividing b dy .
ividing by x, = = @)

Given differential equation is homogeneous.

=log|x|+c

Put = =v e, y=ux
Differentiati tox, dv
ifferentiating wrt. x, - =v+x o

d;
Putting these values of % and d71 in (7), it becomes

dv dv
== _ 2 == _ 2
U+ X dx =0+ 4J1+v or x de = 1+v

d
xdv=.1+v? dx or dv ==
1+ 02 x

ntegratin [0} sides,
\[1+U2



log (v + \1+v?) =log x + log ¢

Replacing v by % , we have

/ 2 [L2 . .2
log (y+ 1+y2] =log cx or YINT Y =cx
X X X

2

or + =cx
Yy /xz +y2

which is the required solution.

(2o 2] o2

Sol. The given D.E. is

ez 22 o

(xcosy+ysiny)y xycosl+y sin 2
x X x x

-
dx (ysiny—xcosij xysinl—chosz
x x X x
Dividing every term in R.H.S. by &2,
2
d ycosy+(y] sin 2
x x|« x y )
difc = » " v = F(;] (@)
= sin = —cos =

x x x
The given differential equation is homogeneous.

So let us put % = v. Therefore y = vx.

dy 1 dv dv
—— =v.l+x75 =v+x
dx dx dx
Putting these values in differential equation (i), we have
2 .
dv  vcosv+v?sinv dv  pcosv+uv®sinv
VX = T e ey O Y gy T o
X vsin v —cos v X vsinv—cosv

veosv+ v sinv—ov?sin v+ v cos v dv 2v cosv
= _— = .

B vsin v — cos v * e vsin v —cos v

Cross-multiplying, x(v sin v — cos v) dv = 2v cos v dx

] ) vsin v —cos v dx
Separating variables, . dv=2 —
v Cos v x

vsin v —cos v 1
Integrating both sides, J. T ocosv dv =2 J M dx

a-b a b .[ vsinv  cosuv J-1
Using =c " = veosv veosp| W=2 )5 dx




= J.[tanv—i) dv=2j%dx

= log|secv|—-log|v|=21log|x|+]log|c]|

= log‘ =log|xP+1log|lc| =log(c|ad
sec v 9 secv 9
= =lc|x = =t|c|x
v v
= secv==|c|x?v
Pu‘c‘cingv:z,secz o2 2 where C = + | ¢ |
x x x
or sec% = Cxy = 1 = Cxy
cos ~-
x
= nycosl=1 ﬁxycosl=l=01(say)
X X C

which is the required solution.

S.xﬂ—y+xsin (yj=0
dx x

- Ay Y
Sol. The given D.E. is x — ¥y +x 8in | = =0
dx X

4 : (l)
or x —2% =y —xsin
dx x

. dy .y (YY) o w(Y)
Dividing every term by x, - il sin [xj = F(x]...(z)

d
Since d7i = F(i), the given differential equation is
homogeneous.

dv

.y . dy
Putting L U e, y=uvx so that de U oy

Putting these values of % and % in (i), we have
x

dv .
V+x — =v-—sinv
dx
dv . .
or x —— =—sinv x dv =—sin v dx
dx
dv —dx dx
or - = —— or cosecv dv =— ——
sin v x
Integrating, log | cosec v —cot v |=—-1log | x|+ log|c|
c
or log | cosecv —cotv|=1log |[—
x




c
or cosec v —cot v =+ ;
: Y Y y _C
Replacing v by =, cosec — cot = where C = + ¢
x x x x
1 cos Y C 1-cos Y
= N A
sin Y sin Y x sin Y x
x x

Cross-multiplying, x [1 —cos i) = C sin % which is the required

solution.

9. ydx + x log [i) dy -2xdy =0

Sol. The given differential equation is y dx + x (log i’) dy

—2xdy =0
log £ 2= 1log 2
ydx =2xdy —x ng dy or. ydx=x ng dy
d Y
e —E— . F(i] D)
2—10gZ
x
: dy y : . . L
Since e F <l the given differential equation is
homogeneous.

.y . dy dv
Putting o = Uke,y = uxso that dx Ut ¥ g,

d
Putting these values of % and & in (i), we have

dx
dv v
U dx T 2-loguv
dv v v-2v+vlogv -v+vloguv
o X dx T 2-logv YT  2-logv = 2-logv
or dv _ v(ogv-1)
dx 2-logv
22 —logv)dv=v(ogv—-1)dx
2-loguv dx 1-(logv-1) dx
or v(logv-1) dv = >~ v(logv-1) dv = -

o 1,
vlogv-1) v Y %



1/v 1
Integrating I logﬁ_; dv=1log|x|+log|c]

or log|logv—1|-log|lv]|=1log|x]|+log]|c|
{ [ 22 gy~ 10g1 f(u)q

f)
logv-1 logv-1
or log |— | =log|ecx| or — | =|ex|
v v
logv-1
or T:icx:CxwhereC:ic
or logv-1=Cxv
Replacing v by %, we have
Y Y Y -
logx —1_Cx(x] or logx—l_Cy

which is a primitive (solution) of the given differential equation.
Second solution

The given D.E. is y dx + x log[i}) dy — 2x dy="0
Dividing every term by dy,

dx X y X
—_ ~ _ 9y =0/ log==logy=logx =—(logx—Ilo =—log—
¥ gy~ log ] 2x—0[ g = =log pglog (logx—log y) gy}

Dividing every term by v,

d_x SRR X
Ty B uF

& x X x L _p[X
ﬁdy=ylogy+2y...(z) P

The given differential is homogeneous.
Put = 3
ut — =vie x=v
y y

& dv
so that & =v+y dy
Putting these values in D. E. (i), we have

dv
U+y7y viegv +2v

dv
= ydT;: viegv+v=vJogv+1)

Cross-multiplying y dv = v (log v + 1) dy



dv dy

v (logv+1) - 7
1

Integrating both sides -[1 v . dv = Il dy
ogu + y

Separating variables

log [logv+1| = log| ¥ |+ log|c|=log|cy| { J J;((:}))) dv=log|f(v)|}

logv+1=1¢cy=Cy where C==xc¢

X
Replacing v by ; , we have
1 = 1=C
1=
og y y

X
or — log % +1=Cy { log ;= flog%see page 632}

Dividing by — 1, log % —1=-Cy or = C,y whichis a primitive
(solution) of the given D.E.

x
10. (1 + e*) dx + e (1-;] dy =0
x
Sol. The given differential equation:is (1 + e*) dx + e* (1 - yj dy =0

dx x
Dividing by dy, (1 + &) :i; s [1-Z1 20

y
dx % ax e E-1
or (1+é&%) = =—eW 1-=tor & = Y (D)
dy y dy 1+ex/y

)

dx
which is a differential equation of the form d7y = f(

The given differential equation is homogeneous.

x
Hence put ; =v le., X=Vy
Differentiating w.r.t. y, d7y =v+y d7y

dx
Putting these values of ; and d7y in (i), we have



11.
Sol.

- dv e’ (-1
Y dy = 1+e

Now transposing v to R.H.S.

dv ve’ — e’ ve’ —e” —v-ve’ —-e’-v
y —_ = — D = =
dy 1+¢° 1+¢' l+e
" g , p 1+¢° J
y(d+e)dv=-(€"+v)dy or e W=
Integrating, log | (v +e”) | =—1log |y |+ log|c|
X
Replacing v by ; , we have
X oxly c Xy c
1 v ) =1 y e Ty
og(y og or y y
f +ex/y=i 9
y y

Multiplying every term by v,
x +y e’ =C where C =+ ¢
which is the required general solution.

For each of the differential equations in Exercises from 11 to
15, find the particular solution satisfying the given condition:

x+y)dy+ (x-y)dx=0;y =1 whenx =1
The given differential equation is
@ +y)dy +x—-y)dx=0,y=1whenx =1

(D)

It looks to be a homogeneous. differential equation because each

coefficient of dx and dy is of same degree (here 1).
From (i), (x + y).dy = —(x — y) dx

Yy
x| +-1
dy -=y) y-x |« )
de = - -\
x x+y y+x x[y+1j
x

Yy
A ]
or dx =fx
Y41
X

Given differential equation is homogeneous.

Put % = v. Therefore y = vx.

dy dv dv
a:v.1+xa=v+x£
Putting these values i (i) v _v-1
utting these values in eqn. (i7), vHx o= e

(i)



dv  v-1 v-1-vlw+1) ov-1-v®-v |
= Ydx T+l U7 v+1 - v+1 T ov+1
& Gy : Dd >+ 1Dd
= x =- g soxv+ 1D dv=-0+1) dx
. . v+1 dx
Separating variables, 211 dv = — ~
v 1
,[v+1dv+_[v+1dv=—.|.;dx

2v
J. B dv+tan- v =—logx +¢

= v +1

1
2
= % log 02 + 1) + tan”! v = — log x + c{ J. };((v)) dv=log f(v)}

2
1 y
Putting v = %, 5 log (x2+1] + tan~ ! % ==logx +c
2, .2
1 ¥y +x
= 2log( 2 ]+tan‘1%=—logx+c
1 2, .2 2 1 Y
= E[log(x +y*) —logxf] + tanm* —.= —logx + ¢
X
1 1
= §log(x2+y2)—§210gx+tan‘1%——logx+c
1 b« Ly
= Elog(x + %)+ tan L =¢ (i)
To find ¢: Given: y = 1 when x = 1.
1
Putting x = 1 and y =1 in (@i1), 9 log2+tan"'1=¢

1 b4 s 1 b
- = tan—=1 = tan " 1=—
or c=75 log 2 + 1 1 4]

Putting this value of ¢ in (iii),

1 y 1 b4
- 2 2 -1 2 _ = z
2log(x + y%) + tan x—2log2+4

Multiplying by 2,
n
log (x* + y%) + 2 tan~ ! % =log2+ 5

which is the required particular solution.
12. 22 dy + @y + y) dx =0;y =1 when x = 1
Sol. The given differential equation is
2dy + @y +y)de=0 or x>dy=—y (x+y) dx

dy y(x +y) yx 1+%
N ™



or % =— % (1+i’] = F(i] ()
The given differential equation is homogeneous.
Y .
Put L U be, y=ux
. L dy dv
Differentiating w.r.t. x, dx SUTE oo
. y dy .. . L
Putting these values of o and e M differential equation (i),
dv 2
we have v + x dx =—v(l+v)=-v-v
dv
Transposing v to RH.S., «x = v? — v
dv
or xaz—v(v+2) xdv=-v @+ 2)dx
dv dx
o ww+2) T x

1 1
Integrating both sides, _[ Tw+2) dv. = — J. ¥ dx

1_[ 2 1 (v+2)-v
or 7u(v+2) alv:—loglxlor2 -*v(v+2) dv = -log | x |

Separating terms

1 1
or -[;_v+2 dv ==21log | x|
or log|v|—-log|v+2|=1logx2+1log|c]|
b -2
or log ot 9 =log | cx™ “|
v c v c
—_— =i7
v+2 x? v+2 2
. y
Replacing v to o e have
Y
* + < Y =
Vg TEE T Gugg mt
x
or x%y = Cly + 2x)
where C=z¢ ..(@0)
To find C
1
Putx =1andy =1 (given) ineqn. (it), 1=3C .. C= 3

1
Putting C = 3 in eqn. (it), required particular solution is



13.
Sol.

14.
Sol.

2 1 2
xy:g(y+2x) or 3x%y =y + 2x.

w3

{xsinzti)—y} dv +xdy=0;y=— whenx =1

The given differential equation is

xsmzl—y dx+xdy=0'y=Ex=1
x ’ 4’
= xdy=—[x5in2z—y]dx
dy y
s @ 2 )
Dividing by dx, «x g = X sint o4y
dy y Yy
. . . 7 — . 2 v v .
Dividing by x, e = sint o+ (D)
= F l
x
The given differential equation is homogeneous.
Put 2 : PSS o dv
ut - =v coy=ve o gnsuilrxgt = +x o
Putting these values in differential equation (i), we have
dv -2 dv -2
vHx oo =-sintute = % gy = sintv
= x dv = — sin® v dx
. . d d
Separating variables, — Z =2
sin“v x
. 2 1
Integrating, _[ cosec™v due = — J- s
= —cotv=—-log|x|+c
Dividing by — 1, cotv=1log|x|-c
. y y ..
Putting v = o cot P log|x|-c ..(10)
TE .
To find c: y = 1 when x = 1 (given)
. TE . .o n
Putting x =1 and y = 4 in (i1), cot 1° log1-c¢
or 1=0-¢c or ¢c=-1
Putting ¢ = — 1 in (ii), required particular solution is

cot% =log|x|+1=log|x|+]loge=1log|ex|

@ _ 2, Yl -0;y=0whenwx=1
dx cosec | | =0;y = 0 when x =
The given differential equation is

dy

Y Y o0 -
dr ~ g Focosec =0;y=0whenx =1



15.
Sol.

or ay = L cosec % =f(y] (D)

dx x x
Given differential equation (i) is homogeneous.
y L . Y v
Put L =V Sy =X o dx—v.1+xdx
Putting these values in differential equation (i),
dv a -1
VX oo o=vocosecv = x o= g
x sinv dv =—dx
: . . dx
Separating variables, sin v dv = — ~

. . . 1
Integrating both sides, J. sinvdv = — J. p dx

—cosv=-log|x|+c
Dividing by — 1, cosv=1log|x|—-c
Putting v = %, cos % =loglxl|=c ..(i1)
To find c: Given: y = 0 when x = 1
From (ii), cos 0 = log 1 — ¢ or 1l=0-c=-c¢
c=-1

Putting ¢ =-11in (ii), cos %:log[x)+1=log|x|+loge
= cos % = log | ex | which is the required particular solution.

d
2xy + y2 — 2x° ﬁ =0;y=2whenx =1
The given differential equation is

d
2xy + y2 — 92 E‘;" =0;y =2 when x = 1. (D)

The given differential equation looks to be homogeneous because
each coefficient of dx and dy is of same degree (2 here).
2

From (i), — 2x? % =—2xy —y> .~ % = _;g - _27
or dy =2 + 1 (yjz = F(y) (@)
dx X 2 | x X
The given differential equation is homogeneous.
y dy dv dv
Put Y SU oy=uvxon a:v.1+xa=v+xa
Putting these values in differential equation (ii), we have
dv 15 v 1 , 2
VEX o SV U =X =g = 2x dv = v*° dx
. . dv dx
Separating variables, 2 —5 = —

1) X



16.

Sol.

17.

Sol.

_ 1
Integrating both sides, 2 J-U ® v = J; dx

-1

= zv—l =log|x|+c = _—2=10g|x\+c
- v

. Y —4
Puttmgv:x, (y]_log|x+c

X

or

X —log|x|+c ...(iii)
To find c¢: Given: y = 2, when x = 1.

-2
From (ii7), 3 =logl+c or —1=c¢

Putting ¢ = — 1 in (iii), the required particular solution is

—%zlogm\—l

=2x

= ylog|x|-1)=-2« :y:m
- 2x 2x

= Y= _@-=loglxl) = 7= 1-loglxl"

Choose the correct answer:
A homogeneous differential equation of the form

% = h(::] can be solved by making the substitution:

A y=uvx B) v.=yx ©C) x=vy Mx=v

We know that a homogeneous differential equation of the form

aTy = h[y] can be solved by the substitution ; =vie, x = VY.
Option (C) is the correct answer.

Which of the following is a homogeneous differential

equation?

A x+6y +5)dy-By +2x +4)dx =0

B) xy)dx - x>+ dy=0 (C) x®*+2y>) dx+2xydy=0

M) y*dx + & -xy -y) dy =0

Out of the four given options; option (D) is the only option in

which all coefficients of dx and dy are of same degree (here 2). It
may be noted that xy is a term of second degree.

Hence differential equation in option (D) is Homogeneous
differential equation.





