Exercise 8.2

1.

Sol.

Find the area of the circle 4x* + 4y* = 9 which is interior to
the parabola x* = 4y.

Step I. Let us draw graphs and shade the region of
integration.

Given: Equation of the circle is 4x% + 4y> = 9

2
3
Dividing by 4, % +y% = % = (2] (D)
We know that this equation (i) represents a circle whose centre is
(0, 0) and radius % o+ y% = 1)

Equation of parabola is x? = 4y ..(@0)
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(eqn. (ii) represents an upward parabola symmetrical about
y-axis)

Step II. Let us solve eqns. of circle (i) and parabola (ii) for
x and y to find their points of intersection.

Putting x® = 4y from (if) in (i), we have 4y + y* = %
Multiplying by L.C.M. (= 4),

16y + 4y =9 or 4y + 16y — 9 =0
= 42+18 -2y-9=0 = 292y + 9 - 12y + 9 =
= 2y + 92y -1) =0
.. Either 2y +9 =0 or 2y —1=0
= 2y =-9 or 2y =1

9 1

= y=-5 or y=73

Nej

9
Fory = — 90 from (i) x® = 4y = 4[—2] - _ 18



which is impossible because square of a real number can never be
negative.

1 . 9 1
Fory:g,from(z), x=4y=4><§=2
x =1 {2

Points of intersections of circle (i) and parabola (ii) are
1 1
A(_\E’Z) and B[\E,QJ.
Step III. Area OBM = Area between parabola (ii) and y-axis
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From (ii), putting x = J4y = 2.[y = 2¥%,
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Step IV. Now area BDM = Area between circle (i) and y-axis

1 3
[ At point B,y =5 and at point D, y = 5]




Sol.

9 1 9 1
_ 2 Z _ 2 -1 =
=8 X2 V2 - g sinT g
m vz 9 . 1 ,
=16 " 4 8 sin 3 ...(iv)

Step V. .. Required shaded area (of circle (i) which is interior to
parabola (ii)) = Area AOBDA
= 2(Area OBD) = 2[Area OBM + Area MBD]

(By (iii) (By (iv)
11y 0 9 1
=2{ﬁ(3 4)+16 g o 3}

4-3 In 9 1
_ R A Rt
_2\/§ ( 12 ] + g — g sin
£+%—gsin_11 _ Q + 9 N8 1
6 8 4 3 4
V29 1

=5 + cos™ 354 units.
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- T
x+cos x=—
2

V2 0N il 1 1 L1
Remark: = 5+ o 1—5 (. costx=sin \J1-42)
V29 8 (42 9 22

=6 +Zsm 9 = F+Zsm’ 3 ]sq. units.
Note: The equation (x—a)? + (y—f)? = r? represents a circle whose

centre is (¢, B) and radius is r.

Ans ('.' sin”

. Find the area bounded by the curves (x - 1)*> +y>=1 and

22 +y?2=1.
The equations of the two circles are

2 +y?=1 (D)
and x-12+y2=1 (D)
The first circle has centre at the origin and radius 1. The second
circle has centre at (1, 0) and radius 1. Both are symmetrical
about the x-axis. Circle (i) is symmetrical about y-axis also.
For points of intersections of circles (i) and (ii), let us solve
equations (i) and (ii) for x and y.
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5) (x=1)+y =1
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From (7), y2=1-x2
Putting y> = 1 —x? ineqn. (i), (x — 12 +1-x2=1
or w+rl-2c+1-a2=1
or -2x+1=0 .. x=g
P . l 2 1 2 1 l -
utting x = g,y =l-x"=1-+=7
y:i 3—:i£
4 2

The two points of intersections of circles (i) and (ii) are

o e o
2 g | and |y

From (i), y?>=1-x%
o y = ,l-x? in first quadrant.
From (ii), y>=1-=(x — 1)? and

y=\J1-(x- 1)2 «in first quadrant.

Required area OACBO (area enclosed between the two circles)
(shown shaded)

= 2 x Area OAC
= 2 [Area OAD + Area DAC]

_ [_[01/2 y of circle (i) dx + _[11/2 y of circle (i) dx}
=2 Uom mdx+jll/2 e dx}
1/2
_ —x_1)2 —
) {(x 1) (x-1) + %sin—l (x —1)} + {xfﬁij ;—sin‘l x}
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= 2 2
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2 2 X [ 2,0 . 1%
o —x“ dx=_,a" —x* + __sin"
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Sol.

_ {— 1\/§ +sin! (— 1} —f{sin' (=D} +sint1- {1\/5 +sin? 1}
2\4 2 2\4 2

n 3 =n 2j_J§

T T T No T No :
_6+2+2_4_6 =|73 9 Sq. units.

. Find the area of the region bounded by the curves

y=a2+2,y=x,x=0and x = 3.
Equation of the given curve is y = x% + 2 (D)
or 22 =y -2
It is an upward parabola ("." An equation of the form x? = ky,
k > 0 represents an upward parabola).
Eqn. (i) contains only even powers of x and hence remains
unchanged on changing x to — x in (2).
.. The parabola (i) is symmetrical about y-axis.
Parabola (i) meets y-axis (its line of symmetry) i.e. x = 0 in (0, 2)
[put x = 0 in (7) to get y = 2]
.. Vertex of the parabola is (0, 2).
Equation of the given line is y = x ..(11)
We know that it is a straight line passing through the origin and
having slope 1 i.e., making an angle of 45° with x-axis.

Table of values for the line y = x

x 0 1 2
y 0 1 2

Also the required area is given to be bounded by the vertical
lines x = 0 to x = 3.

o Limits of integration
are given to be x = 0 to
x = 3.

Area bounded by parabola
() namely y = x” + 2, the x-
axis and the ordinates x =
0 to x = 3 is the area
OACD and

= .[03 ydx = _[; (x% +2) dx

3 3
X
= [3+2x] =©9+6)-0=15 i)
0

Area bounded by line (ii) namely y = x, the x-axis and the
ordinates x = 0, x = 3 is



23
3 3 X
area OAB and = _[0 ydx = Io xdx = [2]

9 9 .
=5 - 0= 2 ...(Iv)
. Required area (shown shaded) i.e., area OBCD
= area OACD - area OAB
= Area given by (iii) — Area given by (iv)
9 21

=15 — 9 = g sa units.

Remark: On solving Eqns (i) and (ii) for x we get imaginary
values of x and hence curves (i) and (ii) don’t intersect.
4. Using integration, find the area of the region bounded by
the triangle whose vertices are (- 1, 0), (1, 3) and (3, 2).
Sol. Given: Vertices of triangle

Y
are A(- 1, 0), B(1, 3) and
C(, 2). 1 B(1.3)
o Equatli;)n (())f line AB is LA ©(3,2)
0= 2= —(-1 1 i
Y —cp eV Z | |
A VA e
(y—y1=y2 A (x—xl)] 10
Xg =X .
or y = g(x + 1) v
. Area of AABL = Area bounded by this line AB and x-axis

“_11 ydx

(. At point A, x = — 1 and at point B, x = 1)

1 3 3 1
‘j_1§<x+1)dx = 5“4(x+1)dx

(I s3]

3(3 (.1 3,1 3 4 .
T T

Again equation of line BC is

3

2

y-3=3_7«-1

1 x—1 6-x+1
:>y—3=—2(x—1):>y=3—(2]= D)
T—x 1
g =27-%

Area of trapezium BLMC = Area bounded by line BC and x-axis

= Yy =



Sol.

1(g7.9 o1 1 (42-9-14+1 1
) 2 2] 7 2 2 = 120

= ..(21)
Again equation of line AC is

2
y—-0-= 3_(_1)(x—(—1)) = y= Z(x+1)

1
> y= E(x + 1)
Area of AACM = Area bounded by line AC and x-axis

9 3
3 31 1|x
=“_1ydx = Jili(x+1)dx =2(2+x]_1
=1 g+3— 1—1 =lg+3—1+1
2 |12 2 2|2 2
1 [9+46-1+2 16
=5 |79 |=71 = 4 .W@)

We can observe from the figure that required area of AABC
= Area of AABL + Area of Trapezium BLMC — Area of AACM
=3 + 5 - 4 = 4sq. units.
By (i) By (i) By (@ii)
Using integration, find the area of the triangular region

whose sides have the equations y =2x + 1, y = 3x + 1 and
x=4.

Equation of one side of triangle is y = 2x + 1 ..(0)
Equation of second side of triangle is y = 3x + 1 ..(in)
Third side of triangle is «x = 4. ...(111)

It is a line parallel to y-axis at a distance 4 to right of y-axis.
Let us solve (i) and (ii) for x and y.
Eqn. (i) — eqn. (i)
gives x = 0.
Put x =0in (@), y=1.
.. Point of intersection of lines (i) and (i7) is A(0, 1)
Putting x = 4 from (i) in 1),y =8+ 1=9
Point of intersection of lines (i) and (iii) is B(4, 9).
Putting x = 4 from (ii7) in (i), y = 12 + 1 = 13.



Sol.

.. Point of intersection of lines
(@i) and (ii7) is C(4, 13).

Area between line (ii) i.e., line
AC and x-axis

.[;1 ydx = _[04 Bx+1)dx

[By (2)]
5]
—t+Xx
2 0

=24 + 4 = 28 sq. units ...(iv)
Area between line (i) i.e., line
AB and x-axis

o

j;‘ (2x +1) dx

(x®+ x)z [By ()]

16 + 4 = 20 sq. units
. Area of triangle ABC =

B(4, 9)

Area given by (iv)

— Area given by (v)
= 28 — 20 = 8 sq. units.
Choose the correct
answer:

Smaller area enclosed by the circle x® + y? = 4 and the

linex +y=2is
(A) 2(n - 2) B)n-2
Step 1. Equation of circle is x? + y?
=4 =22 @)
Pk 2

2_ 2

= ..(@D)
for arc AB of the circle in first
quadrant.
We know that eqn. (i) represents a
circle whose centre is origin and
radius is 2.

Equation of the line is x + y = 2

Table of values

X 0

2

y 2

0

©C)2n-1 D) 2(% + 2).
\%
N
B(0, 2)
c
2 A(2, 0)
X< ol 2 >X
\ x+ty=2
x + 2=4
N A

Graph of equation (iii) is the straight line joining the points

(0, 2) and (2, 0).

The region for required area is shown as shaded in the figure.



Sol.

Step II. From the graphs of circle (i) and straight line (ii7), it is
clear that points of intersections of circle (i) and straight line
(iii) are A(2, 0) and B(0, 2).

Step III. Area OACB, bounded by circle (i) and coordinate axes in
first quadrant

“02 y dx
22 ’
f\/m+—sin"1£
2 2 2 0
2
o T = E Tt
2 2 a
_ (; [£=4 +2sin! 1)_ (0 + 2 sin”! 0)

L
=0+ 2(2] -200)=m ..(Iv)

Step IV. Area of triangle OAB, bounded by straight line (iii) and
co-ordinate axes

- joz 22 _x2dx (. From (i), y = /22— x2)

2 2
- “0 yde| = | [, @-x)dx (. From (iii), y = 2 - x)
x2 ’
=25 | =(4-2-0-0)=2 )
0
Step V. .. Required shaded area

= Area OACB given by (iv) — Area of triangle OAB by (v)
= (m — 2) sq. units.
Option (B) is the correct answer.

Choose the correct answer:

Area lying between the curves y* = 4x and y = 2x is

2 1 1 3
A) 3 (B) 3 ©) 4 D) 4
Step I. Equation of wone curve
(parabola) is )( y=2x

y? = 4x @) A

1 B/(1.2)

y= JAx =2Jx =22 G ol |
for arc of the parabola in first X< I\I/I >X
quadrant.
We know that eqn. (i) represents a K
rightward parabola symmetrical \ y2=4x
about x-axis. Y’
Equation of second curve (line) is y = 2x (7))
We know that y = 2x represents a straight line passing through
the origin.

We are required to find the area of the shaded region.



II. Let us solve (i) and (iii) for x and y.
Putting y = 2x from (iii) in (i), we have
4 =4x = 4’ -4x=0 = 4xx-1=0
Either 4x =0 or x-1=0

i.e., x=Z=0 or x =1
When x = 0, from (ii), y =0 .. point is O(0, 0)
When x = 1, from (ii), y =2x =2 .. pointis A(1, 2)
Points of intersections of circle (i) and line (i) are O(0, 0) and
A1, 2).
IIT. Area OBAM = Area bounded by parabola (i) and x-axis
1 1
1 1 > =
B “0 var| = ([, 2% x| o From (i) y = 247 |
(),
x2/g 4 4 .
=2 § = 3 (1 — O) = 3 ...(lU)
2
IV. Area of AOAM = Area of bounded by line (iii) and x-axis
1 1
= | [, x| = “0 2xdx| (. From (iii) y = 20)
1
xj 2\!
=220=(x)0=1—0=1 )

V. .. Required shaded area OBA
= Area OBAM - Area of A OAM

4 2N
= 3 - 1 &= 3 = 3 sa units.
(By (iv)) (By ()

Option (B) is the correct answer.





