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Chapter I4

Integrals

Exercise 7.9
Evaluate the definite integrals in Exercises 1 to 11:
b
Result. If | f(x) dx = ¢(x), then [ 'f(x) dx = ¢(b) - 9(a)  ..()

(This is known as Second Fundamental Theorem).

1. f_ll (x+1) dx
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1 x2 1
Sol. [  (x+1) dx = S| =00 - 0@
-1
(By Second Fundamental Theorem given in Eqn. (i) page 496)

2 12
Loy (e ) 1 (1
2 2 2 2
=g tl- 5 +1=2
Remark. [Constant ¢ will never occur in the value of a definite
integral because ¢ in the value of ¢(b) gets cancelled with ¢ in
0(a) when we subtract them to get o(b) — ¢(a)l.

2. _[2% dx

31
Sol. [, dx= (loglxl) = ob) ~ ¢(a) = log | 3 |~ log | 2 |

3
10g3—10g2=10g§. [ Jx|=xif x > 0]

3. J-12 (4x® -5x2 +6x +9) dx

2 4 3 2 2
Sol. [ (4x® —5x” +6x+9) dx = [4%—53;+69;+9x]

1

2
x4—fx + 3x2 +9xj

- 1
[24
( 5

OOCNOJ

222 + 3272 + 9(2)} [1 - g +3+ 9}

16——+12+18) (13—§j

6 20 _ (13—% —46- 20 13,0
3 3 3 3
40 5  99-40+5 104-40 64
=33 — + - = = = .
3 3 3 3 3




3
5. J'z cos 2x dx
0

K
T . z . in 0
Sol. J'g cos % dx = (s1n2xj2 _sinm _ sin0

=0
[ sin m = sin 180° = sin (180° — 0°) = sin 0 = 0]

&

f, e dx
Sol. J.45 e’ dx = (ex)i =ed—et=et(e-1).
7. .I.o% tanx dx

n n
Sol. J.OZ tan x dx = (log‘ sec x D%

= log

n
secz‘ —log|secO|=1log| /2 | =log| 1|

1
= log 2 —10g1=log21/2—0=§10g2.

n
8. _[: cosecx g,
6
n T
Sol. J.i cosec x dx = (log\ cosec x — cot x |) 4
6 6
L 1;7E cosecE—cotE
= log cosecz—co . — log 6 6
=log| 2 —1|—log|2- {3 |
=log (2 — 1) —log (2 — +/3) [ |x]|=xifx>0]
V2 -1
= log 2-J3 )
1 dx
9. Io 1- 2
1 dx 1 1 -1 X
—— _ (win-1 ————dx=sin"" —
Sol. Io 1_ 52 _(sm x)o [ J. 02 _ 2 a]

=gin"!1-sin"10=

1 dx
10. ,[0 1+ a2

o a




Sol. J.glilixxz = (tan_lx)(l) { J. 21 2dletan_lx}

=tan"'1—tan 10 =

11.

3 1 3 1
Sol. _[2 2 dx = J.ZW dx

1 x-1 1
_ | =1 dx —1
(2(1) g x+1]2{ Ixz_az og }
1 . 3-1 1 . 2-1 l log 1 l 1 1
T2 ®[3+1] T2 ®loy1| T 2 2| "2 ®|3
1 (10 1—10 1] . if x>
=§ g2 g3 [ Jax|=xif x > 0]
1
1 |log| 2 1 3
=5 % =5 log o
Evaluate the definite integrals in Exercises 12 to 20:
T
12. .[5 cos’x dx
0
3 T 1+cos2x 1
2 2 A8 2~ 2 -
Sol. f§ cos?x dx = |2 . ¢ E 5 (1+cos 20) da
1 g 1 9r) d 1 (x+sin2x)§
—2.|.0(+cosx)x—2 9 .
=1 E+lsinn—(0+1sin0) =1 E+O—0
2 12 2 2 2 12
= g [ sin m = sin 180° = sin (180° — 0°) = sin 0 = 0]
-[3 x dx
18. 12 21
j3 x 1 J-3 2%
Sol. 2 241 dx = 9 J2 4241 dx
f/(x) }
- = dx=log|f(x)l
5 (loglx +1I) { If(x) glf

(Here f(x) = 2% + 1 and f'(x) = 2x)



14.

Sol.

15.

Sol.

1
(log |10 | =1log | 5| = ) (log 10 — log 5)

N[ DN

10 1
= logg =§10g2.
.[1 2x +3
0 5x% +1
1 2x+3 1 2x 3
+ d
Jogzer & '[0{5x2+1 5x2+1] *
112796 J _dx
052+l P +3 °5x 11
05x 41 da+3 0 (J5x)% +12

1

NEL)

1 2
= 5(10g|5x +1|) +3. 1 V5 — Coefficient of x
f(x) 1 -1 X
dx =log | f(x)land de=—tan " =
{ I f(x) glf '[xz+a2
llGllit‘l tan~1 0
—5(0g—0g)+\/g(an 5 —tan" 1 0)
1 3
_ - A N
=5 log 6 + 5 tan~ ! /5.
j;xexz dx
1 2
To evaluate .[o xe’ dx
Let us first evaluate f x e’c2 dx
1
=5 | e (2x dx) D)
dt
Put x? = ¢. Therefore 2x = I 2x dx = dt
. X2 l t 1 t
From (7), .[xe dx = B Ie dt = 5 €
1 2 ..
Putting ¢ = &%, = 5 (7))

. . 1 1 %2 d 1 (exg )1
The given integra Io xe x =5 o
1

=5 et=e) =7 (e-1.

[By ()]



16.

Sol.

Note. Please note that limits 0 and 1 specified in the given
integral are limits for x.
Therefore after substituting x> = ¢ and evaluating the integral, we

b
must put back ¢ = x2 and only then use _[a f(x) dx = o(b) — da).

Remark. In the next Exercise 7.10 we shall also learn to change
the limits of integration from values of x to values of # and then
we may use our discretion even here also.

_[2 5x2
1 x%+4x+3
2 5x? 2 5’ .
J.l 2 = Il (D)
x°+4x+3 (x+1D(x+3)

[© 2> +4c+3=0?+3x+x+3
=x(x +3)+1x +3) =+ 1)x+ 3)]
5x2

(x+1)(x+3)
numerator = degree of denominator.
So let us apply long division.

(@ + Dx +3) = 2% + 4x + 3 ) ba? (5

5x% + 20x +. 15

—20x — 15
5x2 (- 20x - 15)
xiDx+3) 2T xr Dx+3)
Putting this value in (7),

5x? —20x-15
N oviers b 3 oty @

The integrand is a rational function and degree of

Ly +4x+3 (x+D(x+3)

~20x-15 )
=y Gy B =) +1

=B52-1 +1=5+I i)
2 —20x-15

here I = [ — =X =22

where I = [, (x+1)Mx+3)

Let integrand of [ = —20x-156 _ A B .. @id)

(x+1)(x+3) x+1 x+3
(Partial Fractions)
Multiplying both sides by L.C.M. = (x + 1)(x + 3),
—20x — 15 = Ax + 3) + Blx + 1)
=Ax + 3A + Bx + B
Comparing coefficients of x and constant terms on both
sides, we have
Coefficients of x: A + B = — 20 ...(Iv)
Constant terms: 3A + B = - 15 ..(v)



Subtracting (iv) and (v), — 2A = — 5. Therefore A = g

Putting A = g in (iv), g +B=-20 = B=—20—g
B -40-5 -45
or = o =5
Putting these values of A and B in (iii),
5 45
-20x-15 5 ?
(+Dx+3) 7 41 143
.[2 -20x-15 5 J- 45 '[2
=l GiDa+e & 1x+1 PRIETY B
5 2 45 2
=5 (loglx+11)] - - (10g|x+3|)1
5 45
- - (logl31-logl2l) - 3’ (logI51-logl4l)
5,8 45 5 . .
=5 logy -5 log g [ Jx|=xaif x >0]
5 3 5
- — | log=-91log —
=2 (82T %Y
Putting this value of I in (i7),

3

2 Ba? 5 5 5 5 3
- Zllog=-9log = | = 219log = -1
J dx_5+2[0g2 0g4j_5 2( og4 ng]

1 x%24+4x+3

n
17. J.g 2sec’x +x% +2) dx

k1 E L T
Sol. fg(Zse02x+x3+2) dx=2J.61 sec’x dx + J'gx3 dx+2‘|.011 dx

=2 (tan x)g + (x]4 + Z(x)(%

0 4], :
Hl
4 L
t ——t _ Z_0
2[ an an ] . 0+2 (4 )
4
[_] T T
=2(1-0) + =2+1024+§
T . X x
18. Io (Sln22—00522] dx
n . X X _
Sol. J.o [Sln22—cos22) dx = J‘Z Hl ;Osx]_(l+c20sxﬂ "
[ Si&e:# and coszezl"'c;S%]



—cosx-1- =)
ZJ-;t(l cosx—1 cosx) dx:_[n cosx

2 0 2
T . T . .
=— Io cosx dx = — (smx)o =—(sinm—-sin0) =—-(0-0)
[ sin m = sin 180° = sin (180° — 0) = sin 0
26x+3
19. .,
J26x+3 2 2 1
Sol. Jo 24 dx:_[om dx+3_|‘0m dx

2
2 2x 1 1 X
— —_ = |tan" " —
=3l 213 dx+32( 2)0
=3 (10g|x2+4|)2 + 3 (tan~ 11 —tan~ ! 0)
0 2

2 dx:ltan
a

{ [ ’;((x)) x=logl f(x)land [ —
T
= 3 (log 8 — log 4) + % [4—0) [ tanZ
8 3n 3n
=3log — + 5 =3log 2+ 3

1 . X
20. Jo (x ex+sm4j dx

! 34 xe’ 1 . nx
Sol. Jo(xe + sin j .[ M1 dx + J.o smT dx

Applying Product Rule on first definite integral,

(tfmas) - |, ((I)fndx] dx

1

nXx

COS ——
( 4 jO

ki — Coefficient of x in %

= (xex); - f;l.ex dx —

_ 1 1 X é E_ 0_ xl é
=e _O_.[oe dx—n 0054 cos _e—(e)o—n
4
=e—-(—-e- — + =
w2 on
Lo 22 4 4 22
—e—-e+1- —F— + =14+ - - —
w2 T n

-1 X

[
e

0]

)

2

i



Choose the correct answer in Exercises 21 and 22:

J-«/§ dx 1
21. |, 1+ 22 equals
" B) 2% o " o &
(A) 3 B) 3 ©) 6 (D) 12
V3 dx J3
Sol. ,[1 1+ 22 (tan 1x) =tan"! /3 —tan" ' 1
= g _g { tangzx/gandtanZ:l}
4n-3n K
T 12 T 12
Option (D) is the correct answer.
2
S dx
22. g4+9x2 equals
A) & B) - 0 o D)
(A) 6 B) 12 ©) 24 (D) 4
,13.76
Sol. [3 % =I§7dx 2|1 S
0 4+9x 0 (3x)% +22 2 3 — Coefficient of x in 3x
2
1 13x]3 1 ~1(3 2 -1
- = 210 - = |tan” | =x= |-tan " 0
SICAE
1 1 (= T
_ = S S 1 3R S| _
_G(tan 1 - tan 0)_6(4 j_24

[ tan g =landtan 0= 0}

Option (C) is the eorrect answer.





