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Exercise 7.10
Evaluate the integrals in Exercises 1 to 8 using substitution:

L,

1
Sol. Le1:I=.|.O 211 dx =

°x +1

5 jo x2 & D)

Put x% + 1 = ¢. Therefore 2x = % = 2 dx = dt.

To change the limits of integration from values of x to
values of .
Whenx=0,t=0+1=1
Whenx=1,t=1+1=2
dt

t

1 1 , 1
From (i), I=§j = 5 (logll)? = Sog 2| ~Tlog | 1)
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1 1 1
=§(log2—10g1)=§(10g2—0)=§10g2.

2. .[(% Jsin ¢ cos®o do

k1
Sol. LetI = IE1/sin¢ cos® ¢ do

Put sin ¢ = ¢.
(.‘.

one factor of integrand is cos® ¢ where n = 5 is odd.)
dt

cos ¢ = dTp i.e, cos ¢ do =dt.

To change the limits of integration from ¢ to ¢
When ¢ =0,¢=sin ¢ =sin 0 =0

i

m
When(]):i,t:sinq):sin*:l

2

Now Integrand vSIn¢ cos® ¢ = /SIn ¢ cos* ¢ cos ¢

3. |

1 . 1 2x
Sol. Let I = Io sin 142 | 9

1
0

= /sin ¢ (cos® )% cos ¢ = fsin ¢ (1 — sin? 9)? cos ¢

From (), I = J.OE Jsin ¢ (1 - sin? )% cos 0 do

= [INEa-e7 de = [ A -2 dr

15 dea 242 To1/2 | ,0/2  o,5/2
=J'0 £2 442 ~ 92 dt=f0(t +¢9/2 2452y dt

_ f;tm S I;tg/z dt_z_[;t5/2 dt

1 1
B (t3/2)$ h (tn/z)o ¢ 2(t7/2)0
B i 7
2 2 2
2 2 4
=3 (1-0) + 11 (1-0) - 7 (1-0)
2 2 4 27D+2(21)-4(33)
=871 177 3(11)(7)
_ 154+42-132 _ 196-132 _ 64
231 231 231°

e =1 2x
sin 1+x2 | 9%

dx 9 9
Put x = tan 0. s 5o =sec 0 = dx =sec” 0do

do

(D)

(D)



Sol.

To change the limits of integration
Whenx =0,tan 0 =0=tan0 = 0=0

T i
Whenx:l,tanG:l:tanZ :>6=Z
. J-g sin-1 2tan 0 )
From (), I = ), 1+tane || se¢ © do
T T
= J.Si (sin! (sin 20)) sec?6 dO = J.Si 20 sec?6 do

K
=2 _|.Z 6 sec’0 do
0
I II
Applying Product Rule of Integration

(j:I.IIdxz(IjII)Z—jS(;x(I)dedex]

i .
=2 |(6.tan0)¢ - [4 1.tan6d9}

n n
=9 ZtanZ—O—jo‘itanedG} =2 {Z—(logsece)gl

-9 Z—(logseci—logsecOﬂ ) [g—(logﬁ—logl)}

—21og 22 (. logl=0)

Nla oA

5 Liog2s g2
—2. 5 log2 =75 -log2
_[:xx+2dx

LetT= [ xfx+2 di )

Put vLinear =¢, ie., \Jx+2 =t Therefore x + 2 = ¢2
dx
dt

To change the limits of Integration

When x = 0, = Jx+2 = J2
Whenx =2, ¢t= Jx+2 = J2+2 = J4 =2.

2
From (i), I = [ (*~2) ¢ . 2t dt
[ x+2=¢ = x=1-2]

=2t = dx=2tdt

2 9.9 2 4 2
=2jﬁt(t -2) dt=2_|.ﬁ(t -22) dt

2 2
£ t3] 1 2
—| -2\ -9 [425-(&)5)—7(23-(&)3)}
(5Jﬁ [3 ﬁ] 5 3

=2




=2 [%(32—4@)—%(8—2@}[-; (N2 )2 = V2 V2. 42 =2V2,

and (v/2 )% = V2 .2 .42 .2 .V2 = 4+2]
2{32_4\/5_16+4J§} 2{96—12@—8%20@
B = 15

5 5 3 3
2 16 16
= D 2 = - = - .
15 (16 + 8v2) 15 2+ +2) 15 (V2 . N2 + V2)

16v2
=—\/_(\/§ +1).

15
1 .
E sin x
5. |2 — -

1+ cos“x

T . T .

Sol. Let 1 5 sinx 4 5 —sinx J ®
ol. Let I = ——5 dx = — — 5 dx ¢
0 1+cos?x 0 1+cos®x

dt
Put cos x = t. Therefore — sin x = d = —sin x dx = dt.

To change the limits of Integration.

i
When x = 0,¢ =cos 0 =1, When x= =, £ = cos ) =0

) J‘O dt J-O § 3
From (i), I = — 11442 =~ h 2 dt
R L1710 28 “1 19y - _|0o-2
= - (tan t)l_—(tan 0—tan ' 1) =—|0-7
tan0=0:>tan_10=0andtanE=1:>tan_llzE =£
4 4= 4
J'2 dx
6. 0 x+4-x2
2 dx 2 dx 2 dx
Sol. — = —_— = —s <
© '|.04+x—x2 -[0 x> +x+4 IO —(x®-x-4)

(Making coeff. of x? numerically unity)
Completing squares by adding and subtracting

2 2
1coeff.ofac = 1 = l; J‘2 dx
[x x+oTy }
- J.z dx 2 dx J-2 dx




V17 1
2 1*7e 1 1
1 log dx=—1o
g J =g los
2
0

a+x

|

a-—x

2
1 1o JiT+2c-1|]
=f 17 -2x+1
\/—7+3 x/ﬁ—l
= \/ﬁ+1

1
1 J_7+3 V17 +1 1 20 + 417
= Gi7 o (r 3" 7~ 1] = 7 8 20—t
Co (V1T +3) (V17 + 1) = 17 + V17 + 317 +3 =20 + 417
Similarly (V17 - 3) (/17— 1) = 20 — 4417)
1 4(5++/17) 1 5+17

=7 8 4G < VI 8 5T

1 5+\/ﬁx5+\/ﬁ 1 (5+\/_)2
=17 8 | 517 5+17| T VAT °8 T25-17
42 + 10417
_ L g 42H10VIT il N TaidsVIT
J17 8 17 4
S
7 ) x2+2x+5
1 dx 1 dx
Sol. Let I = I_l iy 1 5 =_[_1 x2+2x+1+4(T0 complete squares)
1
- — B g
I-l(x+1)2+22 x @
Putx +1=4¢ %—1 = dx =dt

To change the limits of Integration
Whenx=-1,t=-1+1=0
Whenx=1,t=1+1=2

2
2 1 1 1t
From (@), I = _[0 W dt = (tan 1 2)0

1 1 1 X
dx==1t =
{ f 7, ? x . an a}

12 10 1
[tan 1E—tan 15} =5 (tan~ ' 1 —tan~! 0)




= 1 T o = E_ + tan"=1landtan0=0
2 |4 8 4
2(1 1 2x
8 _[1 (x_z 2] dx
2(1 1
Sol. LetI= |, (x—2xz] e dx (D)

[Type J. (f(x) + g(x)) e dx. Put ax = t and it will become

[ F®O+F®) e dt = e £

dt dt
Put2x=¢t ... 2= = 2dx=dt = dx= 45

dx 2
To change the limits of Integration

Whenx =1,t=2x =2, Whenx =2, ¢ =2x = 4
1 1

4| = dt ¢
« From (@), 1= [, | t 2(tj2 ¢ 5 { 2x/ i), — x:§:|
2

f4 2 2\ ,dt 41 g(@ Ay
(7 ) ¢ 2 Tl faE) el

4(1 1 y ;
- [ (‘2) o dt = [ (F@+f®) ¢ dt

t t
1 , 9 -1
Here f(¢) = - =t~ and therefore f'(t) = (- 1)t"“ = =
4 N et &2 et -2¢? e? (e?-2)
= (¢f@), = |5 | Erp -5 = - :
2 , -4 2 4 4
Choose the correct answer in Exercises 9 and 10.
1 (x _ x3)1/3
9. The value of the integral _[ 1 < dx is
3
(A) 6 3B)o ©) 3 D) 4
1 (x — +3)1/3
Sol. Let 1= 1 &%) " 4
3 x
1/3 1 1/3
|:x3 %_1 :| (x3)1/3(72_1]
1 X 1 X
= 1 1 dx = J.l 1
3 x 3 X
-2 1\1/3 1
_ }x(x 41) dx = J‘l(x_z_l)l/s x_de
1 P s
1
I= _?1 [1a? - 227 4 D)
3
Put x2-1=¢



dt
Therefore—?.x‘sza = —2x %dx=dt

To change the limits of Integration

1 )
J— — v 2_1=1= —
Whenx_3,t_x 1= 3] 1

=3 1H)2-1=32-1=9-1=8
Whenx=1,t=1"2-1=1-1=0
A/3 0
-1 0 43 -1 | —
Nl = — L R
From (i), I = — _[St dt = :
8
-1 3 -3 -3 3
_ - = Q431 _ —Z 1 (9331 _ 2 o4y _ = _
g -2 0-8"1= 2 @)= (2= g x16=6

Option (A) is the correct answer.

10. If f(x) = [ tsint dt, then f'(x) is

(A) cos x + x sin x (B) x sin x
(C) x cos x (D) sin ¥ + x cos x

x
Sol. f(x)= [/ tsint dt
I 11
Applying Product Rule of Integration

D:I.de:(IJ.IIdx)Z—f:%(I)J.IIdxdx}

= f) = (t(-cost); - j:l(—cost)dt

X
=—xcosx —0 + _[OCOSL‘ dt = —x cos x + (sint)y
=—xcosXx +8nx—sin0=—xcos x + sin x
f’(x) = — (x (—sin x) + (cos x)1) + cos x

=x sin x — coS X + cos x = x sin x
Option (B) is the correct answer.
OR

fx) = jg sin ¢ d¢ o )= (tsing)f

[ Derivative operator and integral operator cancel with each
other]

=xsinx — 0 = x sin x.





