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Same textbooks, kleck away

Exercise 7.8

Definition of definite integral as the limit of a sum:

Sol.

J: f(x) dx = Lt hlf(a) + f(a + h) + f(a + 2h)
30
iy s + f(a+ (n-1) h)]
where nh =b-a
Note. The series within brackets represents the sum of n
terms.
Evaluate the following definite integrals as limit of sums:

_[Zxdx

. b . b
Step I. Comparing Ia x dx with _fa f(x) dx we have

a=a,b=>5bandf(x) =x ..(0)
nh=b-a=b-a
Step II. Putting x = a, a + h, a + 2h, ...... ,a+ (n—1) hin (i), we

have f(a) = a, f(a + h) =a + h,
fla+2h)=a + 2h, ..., fla+mn—-1Dh)=a + (n - 1h
Step IIL. Putting these values in

[? ) dx= Lt hif@ +f@+h) +fa+2h)

+ eeene + f(a + (n - 1)h)]
where nh = b - a, we have

b

.[axdx=th0h[a+(a+h)+(a+2h)+ ...... + (@ + (n - Dh)]
-

where nh =b —a

=hEt0h[na+h(1+2+3+ ...... +(n-1)]

n—oo


Stamp


Sol.

= [anh+hh$}[-; 1+2+3+...... +(n—1)=n(n_1)}

n— o 2
nh(nh — h)
- L anh + ———
h—>t0 |: 2 :l ’

Step IV. Putting nh =b—a,

_ 1t [a(b_a)er]
h—0

2
Step V. Taking Limits as A~ — 0 (i.e., putting A = 0 here)
b-a)b-
=ab -a)+ (b-alb-a) a)z( @)

+b—a 2a+b-a
b-a)|a 2 =(0b-a) g

_b-ab+a) b -d
- 2 o2

.|.05 (x+1)dx

5 b
Step I. Comparing J. o (x+1) dx with J.a f(x) dx, we have

a=0,b=5and f(x) =x +1 (D)
s nh=b-a=5-0=5.
Step II. Puttingx = a, a + h, a + 2A, ...... ,a+ (n— 1Dh in (), we have
fl@=Ff0)=0+1=1,fla+h) =fh) =h+1,
fla +2h) = f2h) =2h + 1, ...... ,
fla+ n—-—Dh)=f((n - Dh)=0n-Dh + 1.
Step III. Putting these values in

J.: fx)dx = thO hlf(a) + f(a + h) + f(a + 2h)

+ eeeene + f(a + (n - 1)h)], we have
jj(x+1)d.x=th All+(h+1D+@Ch+1) + ... +[(n—-Dh + 1)
-0

-1
= Lt hln+h(1+2+ ... +(n-1]= Lt [nh+hh nin )}
h—0 h—0 2
n— oo n— o
{ 1+2+3+...... +(n_1):n(n2—1)}

Lt [nm(nh)(nzh-h)]



Sol.

Step IV. Putting nkh = 5, = Lt [5+ 5(52— h)}
h—0

Step V. Taking limits as 2 — 0 (i.e., putting 2 = 0 here)
56-0) 5 25 10+25 35

=5+ 5 =5+ 5 = 2 =5

3 2
_[ x“ dx

2

3 b
Step I. Comparing J. ) x* dx with _[a f(x), we have
a=2b=3andf(x) = x> (D)
nh=b-a=3-2=1.

Step II. Putting x = a, a + h, a + 2A, ...... ,a+ (n—Dh in (), we
have

fla=f2=22=4
fla+h) =fQ+h) =2 +h?=4+4h +h?
fla + 2h) = f(2 + 2h) = (2 + 2h)* = 4 + 8h + 22h?

|

fla+@m—-1Dh) =f@2+ ®m—-1Dh) =2+ (n - Dh)?
=4 + 4n — Dh + (n — 1)%K2

Step IIL. Putting these values in

[ ) dx = Lt BLf @ +f(@+h) +fla+2h)
a -
n—

+ e +f(a+ (n-1)h)]
where nh = 1, we have
_[23 x% dx = th hl4d + (4 + 4h + B + (4 + 8h + 22R?)
-0

n— o

F oo + @ + 4(n — Dh + (n — 1%K?)]
hI:tO hldn + 4h(1 + 2 + ...... +(m—1) + A% 12 + 2%

n—eo

F o + (- 1]
Tt n(n—1)+hhh n(n—l)(2n—1)}

n—o

= Lt [4nh+4hh 5

n(n—1) and 12 + 2% + ...

[ 1+2+..+(n-1)=

nn-1)2n-1)

—_ 2:
+(n-1) 5

= Lt [4nh + 4nh
h—0
n—oo

Step IV. Putting nh = 1;
<1—h><2—h>]
6

(nh—h) , nh(nh - h)2nh - h)}
2 6 ’

= Lt [4+2(1—h)+1
h—0



Sol.

Step V. Taking limits as 2~ — 0 (i.e., putting 2 = 0 here)

19
42104 1@ _g,1_ 1
6 37 3

J.: (x% - x)dx

Step I. Comparing jf (x? — x) dx with J.j f(x) dx,
we have
a=1,b=4,fkx =x2>—x

nh=b-a=4-1=3.

Step II. Putting x =a,a + h,a + 2h, ... a + (n — Dh in (@),
fla=f1=1-1=1-1=0

f@+h) =fA+h) =10 +h?-1+h)

=1+h+2h-1-h=h+h?
F(1+2h) =1+ 2% - (1 + 2h)
=1+4h®+4h —1-2h

= 2h + 4h?

fla + 2h)

fla+(n-DDh) =1+ (n-Dh)?-(1+ (1 -1h)

1+ -12hM+2m-1Dh =1 - (n— DA
=(n—-Dh +(n=172H.

Step III. Putting these values in

[0 ) dx = Lt hLf(@ +fl@+h) +fla+ 2

n—oeo

(D)

F eeeee + f(a+ (n - 1h)]

we have

4
[ -2 de = )1 hO + ho+ 1* + 20 + 42

n—eo

I + (- Dh + (n — 12

W BAL 424 (1) + BE2 4 2 4 o+ (0 — DD

_ [h.h.n(n_1)+h.h.hw}
n— e 2 6
Lt [ (nh — h) (nh)(nh—h)(Znh—h)}
= 350 |nh 2 + 5 .

Step IV. Putting nh = 3
Lt [3(3—h)+3(3—h)(6—h)}
= oo 2 6 :

Step V. Taking limits as A~ — 0 (Putting 2 = 0 here)

33-0)  3B-006-00 9 27
+ == +9=—.
2 6 2 2




5.

Sol.

Sol.

J-fl e” dx

1, b
Step I. Comparing Jl , € dx with fa f(x) dx, we have

a=-1,b=1and f (x) = ¢* (D)
nh=b-a=1-(-1)=2.
Step IL. Putting x = a, a + h, a + 2A, ...... ,a + (n— Dhin (i), we
have

fl@=f1=e'
fla+h) =f1+h)=eltth=e 1l ¢
fla+2h)=f(—1+2n) =e 1t =g 1 ¢

fla+m-Dh)=fC1+@-Dh)=el+n-Dhoglgn-nh
Step III. Putting these values in

[* rydx = Lt hif(@ +f@+h) +fla+2h

n—o
2PN + fla + (n - Dh)],
we have
1
_[ 1exafx= Lt hlel+elevele? + . o+elen D
- h—0
n—oo
[y -1]
= Lt he ! =73 ———1[." The series within brackets
h—0 e’ -1
n— oo
is a G.P. series with First term A = ¢~ ! and common ratio R = ¢”,
R"-1)
Number of terms is 7 and S, of G.P. = A —p—77 |

1, (™ -1)
= € dx = hel ——.
J-‘l e

n— oo

, L @ -1
Step IV. Putting nh = 2, = Lt he 7
°h—0 e -1

n x
=e -1 hIi:Co e -1 =e_1(e2—1)><1{' xI;tO ex_lzl}

—1+2 _ ~1_ 1 1 -1

=e e " =e —e =e-—e€

J.: (x +e**) dx

4 b
Step I. Comparing f 0 (x +e*) dx with _[a f(x) dx, we have
a=0,b=4and f(x) =x + &> (D)
nh=b-a=4-0=4.
Step II. Puttingx =a,a + h, a + 2h, ... ,a + (n— 1A in (), we have
fl@=f0=0+e"=1



fla+h) =fth)=h + e
fla + 2h) = f(2h) = 2h + e**

fla+ m—Dh) =f(n—-Dh) =0 - Dh + -1,
Step III. Putting these values in

j: f@dx = Lt hIf(@ +fla+h) +fa+2h)
n— o

- + f(a + (n - 1h)],
we have

j: (x + e2*)dx = W B+ (bt o™+ @Rt ) 4

n— oo

((n — DA + X =D
(G.P. series : A=1,R =¢?" n =n)

L
= h—>tO RlB+2h+..+ (m-1h) + (1 +e? +e* + ... + 2~ Dh)]
n—>eo

R" -1
= AA+2+..... -D)+A
Lt l{(+ tont (=1 + [R—lﬂ
_ 2h\n _
_L I g n(n-1) . (™) -1
=00 2 th_l

Lt [nhinh - R) | h(e2™ —1)].
+
n— oo 2 eZh _ 1

8
¢ 1t [44-h) k-1
Step IV. Putting nh = 4, = hs0 l: 2 + 21 |
Step V. Taking limits as &~ — 0
4(4-0) 1 14 2h

h
=T+(€8—1) hlito ﬁ=8+(e8—1)§ K50 gh_q

2h
-1 |. e X _
=8 + 72 . |: hIiPO eZh -1 = inPO ex -1 1






