RODVki tab

Same textbooks, kleck away

Exercise 7.6

Integrate the functions in Exercises 1 to 8:
1. x sinx

Sol. J. xsin x dx
I 1II

d
Applying Product Rule I J- IIdx - J. (a (I)_[ I dxj dx

=0 J. sin x dx — J.(%(x)I sinxdx] dx

=x(—cosx)—f1(—cosx) dx=—xcosx—f—cosx dx
=—xcosx+-|.cosx dx=—xcosx +sSinx +c
Note. I sin x dx = — cos x.
2. x sin 3x
Sol. stin 3x dx
I 1I

d
Applying Product Rule I | I dx - | (a [ 11 dxj dx

=x I sin 3x dx — J [%(x)-[ sin3xdx) dx

o (o) [z

-1 2 [ cos3x d
= 3 xcos3ac+3 cos 3x dx + ¢



Stamp


-1 3 1 3
3 3 +c_?xcos x+9sm X + C.

Sol. J.x e dx

d

Applying Product Rule I J‘ IIdx - f (a (I)_f I dx) dx

d
=x? J. e’ dx — J. dexzjj exdx} dx =x%e - J. 2x e* dx
=xe" -2 Ixex dx

111

Again Applying Product Rule
29 {x_[ e’ dx—_[ [%(x).[ e dx}dx}

=x2 " -2 (xex—J. 1.exdx)=x2 & — 92 (xex—f exdx)

=x2e"—2xex+2].exdx +e =x2e —2xet + 25 +c
= (2 -2+ 2) +ec.
4, x log x
Sol. _[xlogx dx = _[(logx).x dx
I 11

d
Applying Product Rule I J. II dx - _[ [a (I)J. II dx} dx

= (log x) _[ x dx — J. [%(logx)_l. xdx} dx

2 2
x 1x 1, 1
=(logx)?—_[;de=§xlogx—§J.xdx
[ % x.x ]
—_— ==X
x x
L 1 a2 ) le 22
=g xlga—o o +e= o logx— T +e.
5. x log 2x
Sol. [ xlog2x dx = [ (log2x).x dx
I 1II

d
Applying Product Rule I J. IIdx - J. (a (I).[ I dxj dx

= (log 2x) I x dx — _[ (%(log 2x)f x dx) dx

2 1 2
X X
= (log 2.’)6) E - 2% - 2. E dx



Sol.

Sol.

Sol.

2

1 1 x xX.x
= — 2 — Y —=—=
_2xlog2x—2J.xdx l: . . x}

1 ) 1 .’JC2 xZ xZ
=2xlog2x—2E+c=§log2x—z+c.
x? log x

2 2
'[x log x dx:f(logx)x dx

I 1II

d
Applying Product Rule: I f IIdx — J. [a (I)J. 1I dxj dx

=logx | &% dx - I(%(logx)j 2 dxj dx

3 3 3 3
x 1 x x 1 9 X 2
_ r = X - _ = S =x
= (log x) 3 _[ x 3 dx = 3 log x 3 _[ x° dx { * }
Do 1P
=3 logx- g *te= g legx= 4+
x sin~ ! x

Let I= _[ xsin™! x dx.

Put x = sin 0. Differentiating both sides dx = cos 6 d6

—
1]

. 1
IsmG .9.cosed6=5 J.G .2 sin 0 cos 0 dO

1 .
=5 [0 sin20d0

I 1II
Integrating by parts

1
_1 e(_cosZ@ —_[1- _cos26j0le
2 2 2
1 1 sin 20
=7 [—6c0526+fc0526d6J =7 [—6cos26+ 2 }+c
1
=Z[—6(1—2sin26)+sinecos6]+c
(.- sin 20 = 2 sin O cos 0)
1 L1 2
=Z[—s1n x. 1 -2 +x J1-22]1+c
[ cosez\/l—sinzez\/l—xﬂ
1 [ .2
=5 (2¢% - 1) sin” ' x + “Tx + e
xtan ! x

Let 1= f xtan lx dx = _[ (tan"'x) . x dx

2
_1 X 1 X
(tan x).f—fl+x2.5dx



2
_x -1 1 X
=5 tan x_2J1+x
2 1
_x -1 1 1- dx
_2tan x—2_[( 1+x2)
. x2 _1+x2—1_1_ 1
B 1+ x2 1+ x2
2
_x -1 _1 _ -1
=5 tan™ " x 2(x tan” " x) + ¢
1
— Ptantx—x +tantx]l +¢ = B [ + Dtan ' x — ] + c.
Integrate the functions in Exercises 9 to 15:
9. x cos” " «x
Sol. Let I= [ xcos'x dx (D)
Put cos™ ! x = 0. Therefore x = cos 0.
@ in 0 d in 6 dO
do =~ sin = dx = - sin

10.
Sol.

- From(), I = J (cos 0) 6 (— sin 6 dO) =_?1 J‘ 0 (2 sin 6 cos 0) dO

_ -t jesinzede
2
I 11

d

Applying Product Rule: I J. II do - _[ {% (I)J. II de} de
=_71 {6(_0%26)—].1 00526 de}

2 2

-1[-1 } 1 1(sin26)
= — |—06cos20+=] cos20dO6| - = _ =

B [ I 49 cos 20 4 2 +c

1 .
=Zecos26—§ (2 sin 0 cos 0) + ¢

1 1
=1 0 (2cos20-1)— 1 \J1-cos®0 .cos O +c
Putting cos 6 = x and 6 = cos™ ! x;

1

1 (cos‘lx)(2x2—1)—z 1-x2 .x+c

x
— Z 1- x2 + C.
(sin~ ! x)2
Put x = sin 0. Differentiating both sides, dx = cos 6 d6
o J. (sin"tx)? dx = J. 6% cosO dO = 0% sin O — J. 20sin 0 d6
I 1II
= 0>sin0 -2 [ 0sin6 do
I 1I



11.

Sol.

12.
Sol.

13.
Sol.

=0%2sin6-2 [9(—cose)—f 1.(—cos6)d9}

=6%sin O + 20 cos B — 2 f cos0df =0%sinB+20cosO—2sinB+c
= x(sin ' x)? +21-x2 sin"lx—2x +c.
('.'cosez\/l—sin26:\/1—x2)

x cos™lx

Ny

LetI=J

X COS~ 1

\/17 (D)
x

Put cos ' x = 6 = x=cos 0

Therefore % =—s8in® = dx=-1sin0db

(cos 0) 0

From (), I = | T —costg 5040
6 cos 0 sin 6 .
= [T 40 ¢ fi-cos?0 = JEin%o = sin ©)

- f 0 cosO do
I 1I

Applying Product Rule: II II do — _[ [% (I)_[ I de} do
4 [e.sme—j 1.sinede] =—0sin6+ [sing do
=—-0sinB-cos0+c=-0,1-cos?0 —cos 0 +c

Putting 6 = cos™ ' x and cos 0 = x,

—(cos ' x) J1ox?2 —x+c=—[1-22 cos 1 x +x] +c.
x sec® x

J- xsec’x dx
I II

Applying Product Rule: I _[ II dx - '[ [di (I)I I dx} dx
X

=x Isec2x dx — .[ [%(x).[ seczxdx} dx

=x tan x — J.l.tanx dx = x tan x — J.tanx dx
=xtan x — (- log | cos x |) + ¢ = x tan x + log | cos x | + c.
tan~ ! x

Let I= [tan'x dx= [ (tan™'%) . 1dx
1

1
=tan‘1x.x—,[1+x2 .xdx =xtan lx — I1+x dx
1

1
= x tan” x—2log|(1+x2)|+c.{,. J";((x))dx loglf(x)l}



1
=xtan’1x—§ log (1 + %) + ¢
[ 1+x2?21>0andhence |1 +a%|=1+ x%]

14. x (log x)?

Sol.

15.
Sol.

f x (log x)? dx = J- (log x)% . x dx
I 11

Applying Product Rule: I _[ II dx - J. [di (I)f I dx} dx
x

= (log x)? I X dx — _[ [i (log x)zj xdx} dx

2 (1 2
- (log x)2 _J' (og x) x .
2
[ (log x)? = 2(log x)1 (log x) = 210gx.1=210gx}
x x
x? 9 X x.x
=E(logx) —f(logx)x dx . 7—7—96
I II

d
Again applying Product Rule: I J. 1I dx—J. [a (I)_[ II dx] dx

2 2
=% (1ogx)2_{(logx)~—_[[ jdx};rc
2 2
X 9 1
=5 (log x) » log x + 9 dex+c
2 2 2
—x*(logx)2 x—logx+x—+c.
2 & 4
@? + 1) log x
_[(x +1) logxdx=f(1ogx)(x2+1) dx

I II

d
Applying Product Rule: I _[ II dx - I [a (I)J- II dx} dx

3 3

x 1 [x
_ —+ Z | =+
_logx[3 x]_J.x[3 x]dx

x3

=37 logx—j[ +1] dx

x3

= ?-HC log x — .[x2 dx—J.ldx
3 3

Eal 2 Eal
3 —-x+cC= §+x og x — 9 —-x +c.

S
w

Wl Wk

= ?+x log x —



Integrate the functions in Exercises 16 to 22:
16. e* (sin x + cos x)

Sol. Here I = _[ e® (sin x + cos x) dx

It is of the form J. e’ [ (x) + f'(x)] dx

Let us take f (x) = sin x so that f ’(x) = cos x
I=e"fx) +c=¢"sinx +c.

[ .[ e" (fx) + f'(x) dx =e" fx) + c]

xe”
17. 1+ )
xe® x+1-1
Sol. Here I = Jm dx = W e* dx

Jlex x+1 _ 1 J.ex 1 + -1
= x+12 (xr12| %= 2+l x+1Z|

It is of the form [ e* [f(x) + f'(x)] dx

1 d 2
Let us take f(x) = vl SO that f'(x) = T [(x+ 1)1

=—(x+1)72= 5l
- T @+ 1?2
nI=e f@) +c= -2 T+ [‘.‘Iex(f(x)+f'(x))dx=exf(x)+cJ
. 1+sin x
18. e 1+cosx
. l+sinx 1+2singcos£
Sol. Here I = Ie KRV A dx = J‘ex.7 dx
2 cos” =
2
1 ZSngCOSg

=_[e". +

2c0s2Y  2c0s??
COS2 COS2

= J e” (tan£+lsec2 Ej dx
2 2 2

dx =_[ e® 1secZ£+tan£ dx
2 2 2

It is of the form J. e’ [f @) + f'(x)] dx

Let us take f(x) = tan = so that /'(x) 1 e X

eusaefx—an2s0 afx—zsec2
x

I=e’“f(x)+c=extan§+c.

[ [ e (@) + f@) dx=e* i)+ c]



19.

Sol.

20.

Sol.

21. e
Sol.

» (E_L)
e x xz

11
Let 1= | e (,_;j dx

x
It is of the form J- e* (f(x)+ f'(x) dx

Here f(x) = 1 =x! and sofx)=(1Dx2= _—21
x

x
I=e"fx)+c o Jef (F) + F/o)l de =€ fx) + ¢

ex
= — +c=— +ec.
X X

(x-3)e"
(x-13

3)e® (x-1)—

(x
Here I = _[ 2 e* dx

1)3 dx = (x-1)3

2
- = d
= {(x ? (x- 1)3} = e Lx 1)? (x-1)3} *

It is of the form [ e* [f(x) + f'(x)] dx

1 ’ i — 2
Let us take f(x) = m so that f'(x) = dx [(x — 1) ~]

= —2x—1y%= _23
(x-1)
e
(x -1
[+ [ e tw+ ) de=e f)]
Note. Rule to evaluate _[ e™ sin bx dx or .[ e™ cos bx dx

Let I = _[ e™ sin bx dx or .[ e™ cos bx dx
I II I II

Integrate twice by product Rule and transpose term containing I
from R.H.S. to L.H.S.
% sin x

I=e"flx) +¢c= + c.

LetI = _[ % sin x dx ()]
I 1II

d
Applying Product Rule: I _[ II dx — J. [a (I)J- 1I dx} dx
= I=¢e*(-—cosx) — _[ e?* 2. (- cos x) dx

a o2 = % da (2x) = 2e%*
dx dx



= I=-—e*cosx+2 Jezxcosx dx
I II
Again Applying Product Rule:
I=—e*cosx+2 [e2x Sinx—_f 2e* sinxdx}
= IT=—e*cosx+2e*sinx—4 J. e?* sin x dx
= I=e*(—cosx + 2 sin x) — 41 [By )]
Transposing — 4I to L.H.S.; 51 = ¢* (2 sin x — cos x)

KR | (=Iezxsinxdx) = % (2 sin x — cos x) + ¢

Remark: The above question can also be done as:

Applying Product Rule: taking sin x as first function and e* as
second function.

22. sin~! 2
. SIn 1+ x2
Sol. Put x = tan 0. Differentiating both sides dx = sec? 6 d6.

-1 2x -1 M 9
'fsm 172 dx:ISIH 1+ tan20 ) - SeC 6 do

= J. sin™! (sin 20) . sec? 0 dO = J. 20 sec?0 do
=2 J. 0 sec® 6 dO

I 11
Applying product rule

=2[0.tan 6 — [ 1.tan 6.d6] = 2 [0 tan 6 — | tan 0 do]
=2 [0 tan 6 — log sec 0] + ¢

=2[tan"'x.x—log (1+x%]1+c¢c

[ sec®= \/1+tan29 = \/1+x2]
=9 xtan"lx—élog(1+xz) +c

=2 tan ' x — log (1 + &%) + c.
Choose the correct answer in Exercises 23 and 24.

23. _[ x?e® dx equals

A = e+ C (B)

N | = 0O =

€)= e+ C (D)

D= O

3 1 3
Sol. Let I = f x?e® dx = 3 _[ ") (3x?) dx [ dix3 :3x2} ..(0)

X

dt
Put x® = ¢. Therefore 3x? = I Therefore 3x? dx = dt



Wl Wl

1
[e dat=7e+cC

From (@), I 3

Putting £ = 2%, = = ¢ + C
Option (B) is the correct answer.
24, _[ e” sec x (1 + tan x) dx equals

(A) e cosx + C (B) e*secx + C
(C) e sinx + C D) e tan x + C

Sol. LetI = J. e® secx (1 + tan x) dx = I e® (sec x + sec x tan x) dx
It is of the form J. e’ (fx) + f'(x)) dx

Here f(x) = sec x and so f’(x) = sec x tan x

I=¢f@)+C [+ [ e (F@+ @) de=e* f(x)+C]

=e*secx + C
Option (B) is the correct answer.





