RODVKI tab

Same textbooks, kleck away

Exercise 7.5
Integrate the (rational) functions in Exercises 1 to 6:
x
L @+Dx+2)
Sol. To integrate the (rational) function m
Let integrand X = £ + i (2]

(x + D(x + 2) x+1 x+2
(Partial Fractions)
Multiplying by L.C.M. = (x + D(x + 2),

x=Alx+2) +Bx+1 =Ax+2A+Bx+B
Comparing coefficients of x on both sides, A + B =1 ..(i0)
Comparing constants, 2A + B = 0 .(TiD)
Let us solve Eqns. (i) and (iii) for A and B.
Eqn. (7ii) — Eqn. (i) gives, A =-1
Putting A=-1in@Gi), —-1+B=1 = B=2
x -1 2

Putting values of A and B in (i), GrDGr 2) = i1 * 219

s a- [— d
(x+Dx+2) =7 2 X
—loglx+1|+2log|x+2]|+c
) (x + 2)
—10g|x+2|—log|x+1|+c—logm+c
( |t|2=t2)
9 1
© x2-9

Sol. To integrate the (rational) function Z_9

-9
.[x _9 .‘. 32 dx



Stamp


Sol.

Lo | x-3 {f 1 _1, x—a}
2x3 %% | i3 7€ x*—a® 2a x+a
1 x-3
=Elog x+3] T¢

OR

1 A B

2-9 (x-3x+3  x-3  x+3

Integrand

Now proceed as in the solution of Q.No.1.
3x -1
x-D(x-2)(x-3)°

3x -1
To integrate the (rational) function (x—D(x-2)x—-3)

3x-1 A B C
x-Dx-2x-3 ~x-1 % x-2"% x-3
Multiplying by L.C.M. = (x — 1)(x — 2)(x — 3), we have
3x —1=Ax - 2)(x-3) + Blx — 1)x = 3) + Clx — D(x — 2)

=A@? - 5x + 6) + Blx? —4x + 3) + Cx® — 3x + 2)

= Ax? — 5Ax + 6A + Bx? — 4Bx + 3B + Cx? - 3Cx + 2C
Comparing coefficients of x?, x and constant terms on both sides,
we have

Let integrand (D)

Coefficients of x> A+ B + C =0 ()
Coefficient of x: —5A —-4B -3C=30or5A +4B+3C=-3 .W(in)
Constants: 6A + 3B + 2C = -1 ..(Iv)

Let us solve (ii), (iit) and (iv) for A, B, C.
Let us first form two Eqns. in two unknowns say A and B.
Eqn. (iii) — 3 Eqn. (i) gives (to eliminate C),
5A + 4B +3C-3A-3B-3C=-3
or 20+ B=-3 ..(v)
Eqn. (iv) — 2 Eqn. (i) gives (to eliminate C),
6A+3B+2C-2A-2B-2C=-1
or 4A+B=-1 ...(vD)
Eqn. (vi) — Eqn. (v) gives (to eliminate B),
2A=-1+3=2 = A=—- =1.
Putting A=11in (v), 2 + B=-3 :>2 B=-5
PuttingA=1and B=-5in (), 1 -5+ C =0
or C—-4=0 or C=14
Putting values of A, B, C in (i),

3x-1 1 5 4
(x-Dx-2(x-3)  x-1 x-2 x-3




J' 3x -1
(x - D(x—-2)x-3)

- | 1 dx -5 1 dx + 4 LI

x-1 x-2 x-3
=log|lx—-1|-5log|lx—-2|+4log|x—-3]|+c.
x
L F-DE-2@-3) )

Sol. To integrate the (rational) function (x—Dx-2)x-3)

x A B C
+

@-Dx-2x-3 =x-1 x-2 x-3
(Partial fractions)
Multiplying by L.C.M. = (x — 1)(x — 2)(x — 3),
x=Alx - 2)(x —3) + Blx — I)(x — 3) + Clx — D(x — 2)
=A@ -5x +6) + Bx®? —4x + 3) + Cx? - 3x + 2)
= Ax® — 5Ax + 6A + Bx® — 4Bx + 3B + Cx® — 3Cx + 2C
Comparing coefficients of x%, x and constant terms on both sides,

(D)

Let integrand

we have

x2: A+B+C=0 @)
X2 —-5A-4B-3C=1 or 5A +4B +3C =-1 .W(n)
Constants: 6A + 3B + 2C =0 ..(1v)

Let us solve Eqns. (ii), (iti) and (iv) for A, B, C.
Let us first form two Eqns. in two unknowns say A and B.

Eqn. (iii) — 3 x Eqn. (ii) gives | To eliminate C
5A+ 4B +3C-3A-3B-3C=-1 or 2A+B=-1 ..(v)
Eqn. (iv) — 2 x Eqn. (i7) gives | To eliminate C
4A + B=0 ...(Ui)
Eqn. (vi) — Eqn. (v) gives (To eliminate B)
1
2A =1 o = 5
1
Putting A = 5 inw,1+B=-1 = B=-2
1
Putting A = 3 and B = — 2 in (ii),
1 94c-0 5 c=tapo 3
R I

Putting these values of A, B, C in (i), we have
1 3
x _ .2 __2 2
(x-Dx-2x-3) x-1 x-2 x-3

X
I x-Dx-2(x—3 ™

1 1 1 3 1
=§J-x_1 dx—2j‘m dx+§fm dx

1
=510g|x—1|—210g|x—2|+%10g|x—3|+c.



Sol. To integrate the (rational) function

Sol.

2x

X2 +3x+2

2x
22 +3x+2"
Now 22 +3x+2=2>+2x+x +2=x(x +2) + 1(x + 2)
=(x + D + 2)
2x _ 2x
2 +3x+2 (+Dx+2)
A B
+
x+1 x+2

Integrand

(@)

(Partial Fractions)

Multiplying both sides by L.C.M. = (x + 1)(x + 2),
2¢ = Alx + 2) + Blx + 1) =Ax +2A +Bx + B
Comparing coefficients of x and constant terms on both sides, we
have
Coefficients of x: A + B = 2 ..(@)
Constant terms: 2A + B =0 .(Tin)
Let us solve (it) and (iii) for A and B.
(Zi1) — (i) gives A = — 2.
Putting A = — 2 in (ii), - 2 + B = 2. . B=4
2x -2 4

Putting values of A and B in (i), 5 = +
x°+3x+2 x+1 x+2

[ b1 1
22 +8x49 dx=—2.[ xt1 dx+4.|.m dx
=—2loglx+1|+4log|x+2]|+c
=4log|lx+2|-2log|lx+1]|+c
2x

Remark: Alternative method to evaluate _[ -
x“+3x+2

. Linear . . . . .
i J. dx as explained in solutions in Exercise 7.4

Quadratic
(Exercise 18 and Exercise 22.
1-x2
x(1-2x)
- . . 1-«” 1-x? -x%+1
To integrate (rational) function 21-20 = x_9 - —9+x

[Here Degree of numerator = Degree of Denominator = 2

We must divide numerator by denominator to make the
degree of numerator smaller than degree of denominator so that
we can form partial fractions.]



1
0.2 — 2 e
2x° + «x x“+ 1 5
2, X
ot
+ —
ad 1
- — 4+
2
Y1
1-x2 . Remainder 1 D)
x(1-2x) ~ Quotient + Divisor ~ 9 + x(1 - 2x)
x
-=+1
1- 2 1 2
N = - +
J x1-2x) J 2 xl-2v) | ¥
x
1 -—+1
== [lde+ [ —2— dx N0
2 '[ I x(1 - 2x) )
X
-=+1
. A B ..
Let int a—2 -2,
et integran o - T2 (i)
Multiplying by L.C.M. = x(1 — 2x),

- g +1=A1-2)+Bx =A-2Ax + Bx
Comparing coefficients of x, — 2A + B = '?1 (i)
Comparing constants, A =1 ..(Iv)
Putting A = 1 from (v) in (1),

9,.pBo _L e 1, 1*4 B. 2
—2+B=— = =5 +t2= or =3
Putting values of A and B in (ii),

x 3
-~ 41 -
2 N
x(1 - 2x) x 1-2x
"yt g [ L]y
x =] — dx + < X
'[ x(1 - 2x) x 2 1-2x
—lo|x|+§lo 11— 2] +c
=08 2 %8 T2 Coefficient of x
3

=log|x|—410g|1—2x|+c

Putting this value in (7),

jid 1o 3 oo 112
x(1 - 22) x—2x+ 0g|x|—4 og|1—-2x|+ec.



Sol.

Integrate the following functions in Exercises 7 to 12:
x

2+ (x-1)

x
To integrate the (rational) function 2 +Dx-1)
C ;
Let integrand —; X = A;C B + @)
(" +D(x - 1) x+1 x-1

(Partial Fractions)

Multiplying by L.C.M. = (x> + 1)(x — 1) on both sides,
x=(Ax +B)x -1+ Cu«?+ 1)

= x=Ax> — Ax + Bx - B + Cx2 + C,
Comparing coefficients of x%, x and constant terms on both sides,
we have
x? A+C=0 (D)
x -A+B=1 ...(iii)
Constants - B + C =0 ...(Iv)
Let us solve Eqns. (i), (iii) and (iv) for A, B, C
Adding (i) and (ii7) to eliminate A, B + C = 1

(V)

NH—‘O

Adding (iv) and (v), 2C=1 = C=

From (iv), - B=-C = B=C=

-1
From (ii), A=-C = o
Putting these values of A, B, C in (i),
-1..1 1
x . ¥ 2 2
2 = 2 ¥
(x* +1)(x—1) x°+1 x-1
-1 x
-9 22 +1
-1 2x
V. +
x2+1

N | =

+

N[~ N
8
[\
+
—

J‘ X
E+hx-1) ¥
1

-1 2x 1 1 1
I el R Bl R e

x _
J.2— dx = -1 log |2 + 1| + 1 tan™ ! x
(x* +1)(x-1) 4 2

1 f'x)
+§loglx—1|+c ( Jf(x)dx=10g|f(x)|]

1

-1 9 1 B 1

Tlog(x +1)+§tan x+ — loglx—-1]+c¢
[C 22+1>0 = |22+ 1]|=a%+1]

llolac—ll—llo (x2+1)+1tan‘1x+c

2 g 4 g 2 ’



8.

Sol.

9.

Sol.

. x
(x-1D%(x+2)

x
To integrate the (rational) function m

x A . B . C

(x-1%x+2) x-1 (x-1% x+2
(Partial fractions)

Multiplying both sides of (i) by L.C.M. = (x — 1)? (x + 2)

x=Alx — Dx + 2) + Blx + 2) + Clx — 1)2

or x=Al?+2c-x-2)+Bx+2) +Ca?+1-2

or x=Ax*+ Ax — 2A + Bx + 2B + Cx? + C — 2Cx

Comparing coefficients of ¥, x and constant terms on both sides

Let integrand (1)

x? A+C=0 ()
x A+B-2C=1 .W(@n)
Constants —2A +2B +C =0 ..(v)

Let us solve (ii), (iii) and (fv) for A, B, C
From (ii), A=-C
Putting A =-Cin (fv), 2C+ 2B+ C =0

-3C

= 2B=-3C = B-=
Putting values of A and B in (iii),

-3C
—C—T—ZC=1 = —-2C-3C-4C =2
= -9C=2 = Cz_?

- -2 -3C _ -3 (;Zj 1 2
Putting C = 9,B= 5 = 5 9 ) =73 A=_C=§
Putting these values of A, B, C in (1),

x 2 1 2
Q=9 4+ _3 __ _9
-D7%c+2) =57 " x-1F  x+2

'[ x

@-1D2x+2) ®

2 1 1 2 1
== | —= d - -2 de- = d
9-|.x—1 x+3f(x b o 9-[x+2 *

2 1 x-Dt 2
=§10g|x—1|+§ T)(D—gloglx+2|+c
2 1
=§(10g|x—1|—10g|x+2|)—m+c
2 x-1 1
=g log |2~ 3wx-n *¢
3x+5

A -x?-x+1

3x+5

3 2

To integrate the (rational) function ———.
x°—x"-x+1



Now denominator = x> — 22 — x + 1

=22 x-1D-1x-1=(@-1Dx*-1
=x-Dax-Dx+D=x-12x+1

Integrand 3x+5 = 8x+5
X -x?-x+1  (x-1D%(x+1)
A B C
= -1t (x —1)2 t il ...(;) (Partial fractions)

Multiplying by L.C.M. = (x — 1)? (x + 1),
3¢ +5=Ax - D + 1) + Blx + 1) + Clx — 1)
=AW? -1 +Bx+ 1)+ Cla? + 1 - 2x)
=Ax> —A+Bx + B+ Cx? + C — 2Cx
Cé)mparing coefficients of x%, x and constant terms on both sides,

x A+C=0 (7))
x B-2C =3 (773)
Constants -A+B+C=5 ..(Iv)

Let us solve Eqns. (i7), (iti) and (iv) for A, B, C.
From (ii), A = — C and from (iii), B = 2C + 3
Putting these values of A and B in (iv),

2 1
C+2C+3+C=5 :>4C=2:>C=Z=§
A=-C-= L
YT T2
1
and B=ZC+3=2(2)+3=1+3=4.
Putting these values of A, B, C in (i)
-1 1
3x+5 o 9 4 9
w-x?-x+1 x-1 * (ac—l)2 * x+1
J' 3x+5
W -x+1 dx
-1 1 _2 1 1
=7J.x_1 dx+4J.(JC—1) dx+§_|.x+1 dx

-1, PPt 1
=5 og|lx—1]+ (_1)(3) +2 oglx+1|+c¢
Coeff. of x
1
=§(log|x+1|—log|x—1|)—x_1+c
—llog x+1 - 4 +c
T2 x—-1 x-1 ’
2x -3
10- 22 _D@E@x+3)
2x -3

Sol. To integrate the rational function (-~ 1)(2x +3) °



11.

Sol. To integrate the rational function

) 2x -3 2x -3

Let integrand '0279)0.173) = (x— D(x + D(2x 1 3)

A + B + ¢
x-1 x+1 2x + 3
Multiplying both sides by L.C.M. = (x — 1)(x + 1)(2x + 3),
2x — 3 =Alx + 1)2x + 3) + Blx — 1)2x + 3)+Clx - 1)(x + 1)
or 2t—-3=A2*+8r+20r+3)+B2® +8x-2v-3) + Ct? -1
Comparing coefficients of ¥, x and constant terms on both sides,

(@)

x? 2A + 2B + C =0 )
x 5A + B =2 (D)
Constants 3A-3B-C=-3 ...(w)

Let us solve Eqns. (i7), (izi) and (iv) for A, B, C.
Eqn. (ii) + Eqn. (iv) gives (to eliminate C)

5A-B=-3 ..(v)
Adding Eqns. (iii) and (), 10A=-1 = A= 1—01
Putting A = — in (i), —> +B=92 >B=24 £ 0
utting A = 10 n (i11), 10 tB= =B =2+ 5 = 3
Putting values of A and B in (i7),
- ) - 24
f1+5+C=0 .'.C=l—5=ﬂ=
5 R 5 25 5
Putting values of A, B, C in (i),
-1 5, 24
2x - 3 s 9 =

% _J10%3,3242 5

(" -D@x+3) = p_ 1 x+1 2x+3

J‘ 2x -3

@ -Dex+3) ¥

-1 1 5 1 24 1
=10 Jx—ldx+§ Ix+1 T 5 I2x+3 dx
-1 loglx—-1l 5logla+1l 24 Jog|2x+ 3|
= 10 15 Coeff.of x © 2 1 5 9 s Coeff. of x

5 12
= 70 log|x—1|+§log|x+1|— 5 log|2x+3 | +c

§log|x+1|—ilog|x—1|—g log | 2x + 3| + c.
2 10 5

5x

(x +1D(x* -4)

5x

(x+ D% -4)"
Let integrand bx = 5x
x+Dx%2-4) (x+Dx+2D(x-2)

A B C

= + + ...(1) (Partial fractions)
x+1 x+2 x-2




Multiplying both sides of (i) by L.C.M.
=(x + Dx + 2)(x — 2),
5x = Alx + 2)(x — 2) + Blx + D(x — 2) + Clx + D(x + 2)
=A(x2—4)+B(x2—x—2)+C(x2+3x+2)
= Ax? — 4A + Bx? —Bx—2B+Cx + 3Cx + 2C.
Comparlng coefficients of x%, x and constant terms on both sides,

x2 A + B+C=0 (u)
x -B+3C=5 (7))
Constants —-4A -2B +2C =0

Dividing by -2, 2A + B-C =0 ..(Iv)

Let us solve (i7), (iti) and (iv) for A, B, C
Eqn. (ii) x 2 — Eqn. (iv) gives (To eliminate A) because Eqn. (iii)
does not involve A.

2A +2B +2C-(2A+B-C) =0,
ile, 2A+2B+2C-2A-B+C=0
= B+3C=0 ..(v)
Adding Eqns. (iii) and (v),

6C C 5
=5 —1 = 6
Putti 5 . B 15 h 15
utt1ngC=61n(zu),— + % =5 = - —5—6
. —B=30_15=E=§:>B=;5—
6 6 2 2
5 5
Putting B = - and C = r in (@), A— = + g =0
LB 5 _15-5 10 5
- =26~ 6 ~6 "3
Putting values of A, B, C in (i),
B 5 5 5
——— = _3 _ _2 4 _6
(o + D™ - 4) x+1 x+2 x=2
J' 5x é.l- 1 éj- 1 éj- 1
x+Dx%-4 dx=3 x+1dx_2 x+2dx+6 x—2dx
§1 1 él 2 §1 2
—3og|x+ |—20g|x+ |+60g|x— | + c.
rx+l
12. 21
Sol. Here degree of numerator is greater than degree of denominator.

Therefore, dividing the numerator by the denominator,

2 -1 )x +x+lz
x—x
T
Brx+l 2x + 1

(D)

=x +
x? -1 x% -1



[Rational function = Quotient +

9% +1 2x+1 A B
Let ——— = = +
2-1 (@+Dx-1) - x+1 7 x-1
Multiplying by L.C.M. = (x + 1)(x — 1), we have
2c+1=Alx-1) + Blx + 1)
or 2c+1=Ax-A+Bx+B
By equatglg the coefficients of x and constant terms, we get

+ B =2 .

and -A+B-=1

(Gii) + (iv) gives 2B =3 = B = 9
Putting B § in (iii) t A § 2 A l
utting B = 5 in (i), we get A + 5 =2 or =5

Putting values of A and B in eqn. (ii), we have
1 3

2c+1 2 , 2
x2 -1 x+1 x-1

2x+1
Putting this value of 21 in (),
1 3
x3+x+1_ N 9 92
x2 -1 x+1 x-1

1 1 1
J%dx:jxdx+%_‘-m dx+%_[x_1 dx

1 3
+—2~10g|x+1|+5 log|x—-1|+c.
Integrate the following functions in Exercises 13 to 17:

2
B -ma+ad

2
Sol. To find integral of the Rational function A-0d+a2)

2
Let integrand = A + Br+C

A-00+x%)  1-x  1+42

Remainder }

Divisor

(i)

.(@ii)

..(iv)

(D)

(Partial Fractions)

Multiplying by L.C.M. = (1 — x)(1 + %)
2=A1+x%)+ Bx + O)(1 - x)

or 2=A+Ax?> + Bx — Bx®> + C — Cx
Comparing coefficients of x%, x and constant terms, we have
x? A-B=0

x B-C=0 .

Constant terms A + C = 2
Let us solve (i7), (iii), (iv) for A, B, C
From (ii), A = B and from (iii), B =C

(i)
.(iiD)

..(Iv)



A=B=C
Putting A=Cin (iv), C+C=2 or 2C=2 or C=1
L A=C=1 . B=A=1
Putting these values of A, B, C in (i),
2 1 x+1 1 x 1
Q-0d+2D)  I-x 1422 1-x  1+a> 144
1 1 2x 1

2 1 1, 2x 1
| ———————dx = | —d d d
I(1—96)(1+x2) * '[l—x Ty 2 erj1+x2 *
log11-x1
= —1— Coefficient of x

1
+ = log|l+x?|+tan" tu+c

2
{ ) 2x dxzj-f/(x)dleoglf(x)l}

1+ x2 F(x)

1
—log|1—-x|+ 3 log (1 +x%) +tan" ' x + ¢

(. 1+ a%>0, therefore | 1 +x2 | =1+ 12
Note. log |1 —x | =log|—(x-1) |
=log|x—1]|because | —¢|=]|¢]|.
14 3x -1
T (v +2)?
Sol. To find integral of rational function le
(x +2)
3x -1
Let I = d (s
et1= | @+2?2 & ®
Pol ial functi
FormJ. ° ynorfua - stion dx where k is a positive integer,
(Linear)
put Linear = ¢.
Here put x +2 =1¢ = x=t-2
dx dx = dt
—_— = —1 X =
dt
Putting these values in (),
3(¢ - 2) 3t-17
ol .[ - | 2 dt

3t 3
e
_SI*dt—7J.t2dt_310g|t|—7%+c

=310g|t|+;+c



15.

Sol.

Puttingt =x +2,=3log |x + 2 | + 7 + c.
x+2
- A B
Remark. Alternative solution is Let 3x 12 = + 5 .
(x +2) x+2 (x+2)
1
xt -1

To find integral of —; .
x* -1

1 1
Let integrand = .
B T L T @D

Put x? = y only to form partial fractions.
B 1 A . B
T (y-Dy+D  y-1 7 y+l
Multiplying by L.CM. = (y — 1)(y + 1)
1=A(y+1)+B(y-1) or 1=Ay+A +By-B
Comparing coeffs. of ¥y and constant terms, we have

Coefficients of y: A+B=0 ..(@0)
Constant terms A-B=1 (7))
1
Adding (i7) and (iii), 2A =1 = A= 5
Putting A = — in (ii); = + B =0 I
utting A = 5 in @)y +B = = =
Putting values of A, B and y in (2),
1 1
1 0 5 \ 2
-1 21 K%+l
J = o ma- i =
Ao dx= 59 212 dx—§ 241 dx
11 x-1 1 -1
=591 log 1l 2 tan™ " x + ¢
1 1 x—a
dx =—1log | ——
{ '[x2—a2 N 2a 8 x+a}

Note. Must put y = &2 in (i) along with values of A and B before
writing values of integrals.
Remark. Alternative solution is:

1 1 1

-1 @@ -DEEHD T (e -Da+ D+ 1)
A B Cx+D

x-1 " xr1l T e

But the above given solution is better.




16.

Sol. LetI = _[

17.

Sol.

1
x(x™ +1)
1

n dx
x(x™ +1)
Multiplying both numerator and denominator of integrand by nx

d n n-1
. 1) =
[ Ir (x"+1)=nx }

n—1

n-1 n-1
nx 1 nx
I=| ———dx=— | ———— dx .@0)
'l.nx”’lx(x”+1) n '[x” " +1
. n-1+1=n)
dt
Put " = . Therefore n "~ ! = T o nx~Ydx = dt.

’ 1 dt 1 1
From (@), I = — It(t+1) ) It(z:+1)

Adding and subtracting ¢ in the numerator of integrand,

1J-t+1 t 1J-(t+1 ot ) { a—b_g_é}
=V e = 0 e ) T T T e

1 1 1
=, Dtdt‘ft+1dt}=n[log|t|—10g|t+1|+c]
1 _t
=n10g t+1
1 x"
Putting ¢ = «", = z log 1]t

1
Remark: Alternative solution for J. W+ 1) dt is:

1 A B
Let 3ov1) =7 T t+1-
But the above given solution is better.

cos x
(1 -sin x)(2 - sin x)

COSs X )
Let 1= (1- sin 2)2 — sin x) @

. dt
Put sin x = ¢ Therefore cos x = a = cos x dx = dt,
) 1 2-1)-1-19)
From (i), I 1-02-1) dt = e CEDR dt

[*.- Difference of two factors in the denominator namely
l-tand2-tis@2--A-t)=2-t-1+¢t=1]

J( 1-9 ) [ a—b_g_é}
a- t)(2—t) 1-vne2-t O




[ IR JL fi
=10 oo dt= ) g dt - gy dt
logl1-¢1 log12-¢|

= —1- Coefficient of ¢ ~ -1
—log|1-t|+log|2—-t¢t]+c

+cC

log|2—-t]-log|1—-¢t|+c =10g1

2 —sin x
+c

Putting ¢ = sin x, = log 1—sinx

1
Remark: Alternative solution for _[ a-02-1 dt is

1 A B

Lt' =
¢ Q-v@2-v 1-t T 2—¢

Integrate the following functions for Exercises 18 to 21:

18.

Sol.

@+ +2)
*?+3)(x%+4)

. , @+ D+ 2) .
To integrate the rational function W(xz eI ..(0)

Put x® = y in the integrand to get
(y+1D(y+2) ¥ +3y+2
T 43y +4) T YTy +12
Here degree of numerator = degree of denominator (= 2)
So have to perform long division to make the degree of numerator

smaller than degree of denominator so that the concept of forming
partial fractions becomes valid.

Y2rTy+12 )y 43y +2(1
v+ Ty + 12

(i)

From (i) and (i7),
@ +DE*+2)  +Dy+2) 1, “4y-10
@ +3)ai+4)  (y+3y+4 T (y+3)y+4)

(-4y-10)
(y+3)y+4)°
L -4y -10 A B

ey rd T oy+s T oyea
Multiplying by L.C.M. = (y + 3)(y + 4)

-4y -10=A(y+4) +B(y +3) =Ay + 4A + By + 3B

Comparing coefficients of y, A+ B =-4 ...(v)
Comparing constants, 4A + 3B = — 10 ...(vD)

Let us solve Eqns. (v) and (vi) for A and B.
Eqn. (v) x 4 gives, 4A + 4B = - 16 ...(vit)

..(ui7)

Let us form partial fractions of

..(Iv)



19.

Sol.

20.

Sol.

Eqgn. (vi) — Eqn. (vii) gives, —B =6 or B =-6.
Putting B=-6in v, A-6=-4 = A=-4+6=2
Putting these values of A and B in (iv),

-4y-10 2 6

(y+3)y+4) y+3 y+4
Putting this value in (iii),

(o + 1)(x® + 2) 2 6
T a2 Lt i3
(x* + 3)(x* +4) y+3 y+4
In R.H.S,, Putting y = x? (before integration)
2 6
=1+

+3 7 x%+4
J-(x + D2 +2)
(x? +3)x% + 4)

1 1
=Ildx+2jmdx—61mdx

2 it —li 6 }‘t lf
=X + . \/g an \/g — Y an 9 + C
2 x 65
=x+ —— tan-! = —3tan! = +e¢
V3 J3 2
2x
(x% +1)(x2 +3)
2x
Let I = (B " s gy
'[(x2+1)(x2+3)

Put x? = ¢. Differentiating both sides 2x dx = dt

=1L
&+ 1D+3)
Dividing and multiplying by 2,
(. (t+3) t+1)=t+3-t-1=2)
=*_|. 2 dt=f E+3)-@t+1
279 @+ +3) 2 E+DE+3)
1
= 2'[(t+1_t+3j dt = 5 [log|t+1|—-log|t+3]|l+c
1 t+1 1, % +1 1, x?+1
—5 og t+3 +C—§ og .’)C2+3 +C—§ og x2+3 + C.
1
x(xt-1)
_[ 1
Let I = xxt - 1) dx

Multiplying both numerator and denominator of integrand by 4x°.

L4y 3)
[. dx(x 1) =4x



21.

Sol.

4x° 1 4x°
| ————dx - = | ——_dx .
I= -[ 4x4 (x4 _ 1) = 4 J. x4 (x4 _ 1) (D)

dt
Put x* = £. Therefore 4x% = = 453 dx = dt.

- [ 1J' lft_(t_l)
rom (@), I = - 1) =4 -1

[ t-GG-1D=t-t+1=1]

1-[( t _(t—l))d lJ‘ 1 _1 d
=al -y w-n) =g o1
1 1 1
=4{t—dt J.tdt}=4[log|t—1—10gt|]+c
11 ‘t—l
= 4 og + C
. , 1 |-t
Putting ¢ = x*, = 1 log 4 + c.
Remark: Alternative solution is:
1 1 1
xx* -1 T x(x?-D2+1) T oxle=Dx+ D2 +1)
A B C Dx+E

T Fax-1t x4t £241
But the solution given above is much better.

1
(e* -1)
1 .
Let I =]+ (D)
dt dt
Put e* = ¢t. Therefore e* = w = efde=dt = dx = —
X e
(Rule to evaluate_l. f(e®) dx, put e* =t)
| Lod [ lode 1
From @, I=)3"7 w=)ly1 v =liw-pn ¥
J-t (t—l) I( t _(t—l)] 1 jl
t-1
=log|t—1|-log|t|+c=log +c

X

Putting ¢ = ¢*, = log



22.

Sol.

23.

Sol.

Choose the correct answer in each of the Exercises 22
and 23:

J- x dx
-1)? _9)2
@A log | FV | L ¢ ® log | F=2" | ¢
-2 x-1
2
(©) log (x‘;) +C M log|-1Dx-2)|+C.
x—

A B

x
Let integrand x-Dx-2 = 7-1 + p—

(@)

(Partial fractions)
Multiplying by L.C.M. = (x — 1)(x — 2),
x=Ax-2)+Blx-1)
=Ax -2A + Bx - B
Comparing coefficients of x and constant terms on both sides,
Coefficients of x: A+B=1 ..(@0)
Constant terms: — 2A - B =0 ..(iin)
Let us solve (i) and (iii) for A and B
Adding (ii) and (iii), —-A=1orA=-1
Putting A=-1in (i) —-1+B=1 or B=2
Putting values of A and B in (i),
x -1 2

(x-D(x—-2) - x-1 & x—2

| P J-5
x-1Dx-2) dx = — x_1 dx + 2 x_9 dx
—log|lx—1]|+2log|x—-2|+c¢
log| (x—2?2|-log|x—1]|+c¢
(. nlog m =log m")

(x —2)2

x—1 + C

= log

Option (B) is the correct answer.
J- dx

—— 1
v @2+ D) equals

1
(A) log | x| - 5 log &%+ 1) + C

1
(B) log | x | + 5 log (® + 1) + C

1
(C)—log|x|+§ log &> +1) + C

1
D) 5 log | x| +log (x* + 1) + C.
1

LetI=J.m dx

Multiplying both numerator and denominator of integrand by 2x.

L4 ey )
(. dx(x +1)=2x



2x

- I= Im dx (@)

dt
Put »? = ¢ 2x=$ = 2xdx =dt

From (i), T = | S dt
> T2+l T 92 tk+ 1)
Adding and subtracting t in the numerator of integrand,

~ J'(t"'l)—t _1J' 1 1 d
B w+n =gl i) @
=§ (log|t]—-log|lt+1] +c

1
x2,1=5(log|x2|—log|x2+1|)+c

Putting ¢

= 2log|x|—log x®+ 1) +c
(. x®2+1>1>0andhence | x> +1 1 =22+1)

1 2
=log|x |- 2 log x* + 1) + ¢
Option (A) is the correct answer.





