nODVKitab

Same textbooks, kleck away

NCERT Class 12 Maths

Solutions

Exercise 6.2
1. Show that the function given by f(x) = 3x + 17 is strictly
increasing on R.
Sol. Given: f(x) = 3x + 17
fx)=31)+0=3>0 ie, +veforallxeR.
f(x) is strictly increasing on R.
2. Show that the function given by f(x) = e* is strictly
increasing on R.
Sol. Given: f(x) = e*
fx) = ez’cdi 2% = e*(2) = 2¢% > 0 ie, +veforallxe R.
x
['.- We know that e is approximately equal to 2.718 and is
always positive]
f(x) is strictly increasing on R.
Remark. ¢2 = (—12) >0ande’=1>0.
e
3. Show that the function given by f(x) = sin x is (a) strictly
increasing in (0, g) (b) strictly decreasing in (g,n)
(c) neither increasing nor decreasing in (0, 7).
Sol. Given: f(x) = sin x

f’(x) = cos x
(a) We know that f'(x) = cos x > 0 i.e., + ve in first quadrant i.e.,

in (0, Ej .
2

f(x) is strictly increasing in [0, g) .
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Sol.

(b) We know that f’(x) = cos x < 0 i.e., — ve in second quadrant

. . [T[ n)
ie,in | —,T|.
’ 2
i
f(x) is strictly decreasing in (5, nj .

(c) Because f(x) = cos x > 0 i.e, +ve in (O, gj and f'(x)=cosx <0

l.e, —vein (E,n) and f’(E) = Ccos T_ 0
2 2 2

- f’(x) does not keep the same sign in the interval (0, n).
Hence f(x) is neither increasing nor decreasing in (0, m).
Find the intervals in which the function f given by
fx) = 2x% - 3x is
(a) strictly increasing (b) strictly decreasing.
Given: flx) = 2% — 3x
f'(x) = 4x — 3 @)
Step I. Let us put f’(x) = 0 to find turning points i.e., points on
the given curve where tangent is parallel to x-axis.

From (i), 4x -3=0 ie, 4x=3
O
or ( 0.75). — 3

80O

This turnlng point divides the real line in two dlS_]Olnt sub-

. 3 3
intervals | —eo,—| and | —,°|.
4 4

Step II.

Interval sign of f’(x) = 4x — 3| Nature of function f

- (?)

(— oo, %j Take x = 0.5 (say) o [ is strictly decreasing l
then from () f'(x) < 0
(%, 00) Take x = 1 (say) . fis strictly increasing |

then from (i), f’(x) > 0

3
Thus, (a) f is strictly increasing in (Z’ oo) .

(b) f is strictly decreasing in (— oo, %) .

5. Find the intervals in which the function f given by

fx) =20 - 3x% - 36x + 7 is
(a) strictly increasing (b) strictly decreasing.



Sol. Given: f(x) = 2x® — 3x% — 36x + 7
f'(x) = 6x% — 6x — 36
Step I. Form factors of f’(x)
f'(x) = 6(x> —x — 6)
(Caution: Don’t omit 6. It can’t be cancelled only from R.H.S.)
or F/(x) = 6(x% — 3x + 2x — 6) = 6[x(x — 3) + 2(x — 3)]
= 6(x + 2)(x — 3) (@)
Step IL. Put f'(x) =0 = 6x + 2)(x-3) =0
But6 0 .. Eitherx+2=0 or x-3=0
le, x=-2,x=3. _Ooo 2 3 ?o
These turning points x = — 2 and x = 3 divide the real line into
three disjoint sub-intervals (— o, — 2), (— 2, 3) and (3, ).
Step III.
Interval sign of f’(x) Nature of function f
= 6(x + 2)(x - 3) ...(})
(— o0, —2) | Take x = — 3 (say). . fis strictly increasing T
Then from (i), in (— oo, — 2)
[ =H) ) -
=(+)ie, >0
(-2, 3) Take x = 2 (say). oo fis strictly decreasing {
Then from (7), in (-2, 3)
=66
=(=)ie, <0
(8, ) Take x = 4 (say). . fis strictly increasing T
Then from (i), in (3, )
/) =) ) (+)
=(+)ie,>0
Thus, (a) f is strictly increasing in (- o, — 2) and (3, ).
(b) f is strictly decreasing in (— 2, 3).
6. Find the intervals in which the following functions are
strictly increasing or decreasing.
(@) x®> +2x -5 (b) 10 - 6x — 24”
(€) - 2% - 922 - 12x + 1 (d) 6 - 9x - &?
(e) (x + D3(x - 3)3.
Sol. (a) Given: f(x) = x> + 2x — 5

) =2x +2 =2x + 1) ..(0)
Step I. Put f'(x) = 0 = 2+1)=0
But 2 # 0. Therefore, x + 1 =0 ie, x=-1.



This turning point x = — 1

O O
divides the real line into two —w 1 0
disjoint sub-intervals (— o, — 1)
and (— 1, o).
Step II.
Interval sign of f’(x) Nature of function f
=2x + 1) ...2)
(— oo, = 1) Take x = — 2 (say). . fis strictly decreasing |
Then from (@),
f'x)=()ie, <0
(=1, o) Take x = 0 (say). . fis strictly increasing T
Then from (),
f'(x) = (+) ie, >0

Thus, f is strictly increasing in (— 1, o) (i.e., x > — 1) and strictly

decreasing in (— e, — 1) (i.e.,, x < — 1).
(b) Given: f(x) = 10 — 6x — 2x2

f/(x) =—6—4x = — 2(3 + 2x) ..(0)
Step I. Put f'(x) =0 = —-28+2x) =0
But — 2 # 0. Therefore, 3 + 2x = 0 ie., 2x=-3
. 3 e
ie., x=—§. T 3

2

This turning point x = —

3
2
- . 3
disjoint sub-intervals | — o, ) ——,0o|.

O
o0

divides the real line into two

Step III.
Interval sign of f'(x) Nature of function f
= - 2(3 + 2x) -.-(i)
3
(— o0, = 5) Take x = — 2 (say). . [is strictly increasing T
Then from (i),
fx) =0 )
=(+)ie, >0
3 . . .
Ty il Take x = — 1 (say). . fis strictly decreasing |

Then from (i),
@) =0«
=(-)ie, <0

3
Thus, f is strictly increasing in (— 0, — Ej (i.e., for x < — %) and




3
strictly decreasing in (— 9 °°) (i.e., for x > — g).

() Let flx)=—2¢>—-9? - 12x + 1
Fx) =—6x2—18c — 12 = — 6(x2 + 3x + 2)
Step I. Forming factors of f ’(x)
=— 6% +x+20+2) =—6xx+ 1)+ 2x + 1]

or f/(x) =—6x + 1)x + 2) (D)
Step II. f'(x) =0gives x =—1lorx =-2
The points x = — 2 and x = — 1 (arranged in ascending order)

divide the real line into 3 disjoint intervals, namely, (— o, — 2),
(= 2,-1) and (- 1, ).
Step III. Nature of f (x)

Interval sign of f’(x) Nature of function f
= - 6(x + Dx+2) (1)
(—o0, —2) Take x = — 3 (say), o fis strictly decreasing
Then from (i), in (=e0, —=2) 4
fx)=(0=) =) )
=(-)ie, <0
(-2,-1) Take x = — 1.5 (say), - [ is strictly increasing
Then from (), in(=2,-1)7T
)= ) &)=+
te, >0
(=1, o0) Take x = 0 (say), .~ [ is strictly decreasing
then from (i) in (=1, ) {
f (@) = ()(+H)+) =.(-)
le., <0

». [ is strictly increasing in (-2, — 1) and strictly decreasing in
(—o0, —2) and (-1, )

(d) Let fx)=6-9x—x2 . [f'x)=-9-2x.
f(x) is strictly increasing if f '(x) > 0, i.e,
if—9-2x>0

9
or - 2x>9 or x < - 3

9
- f is strictly increasing T, in the interval (— 0, — E) .

f(x) is strictly decreasing if f'(x) <0, ie, f—-9-2¢x<0
9

or -2x <9 or x>—§

o fis strictly decreasing | in the interval (— g, oo) .



(e) Let f(x)=(x+ 1?° (x —3)?

then f/(x) = (x + 1) . 8(x — 3% + (x — 3)® . 3(x + 1)?
=3+ 12 @x-32@+1+x-3)
=3(x + 1? (x — 3% (2x — 2)
=6+ 1% x-3%*x-1

The factors (x + 1) and (x — 3)? are non-negative for all x.

o f(x) is strictly increasing if

f(x) > 0, ie., ifx-—1>0 or x>1
f(x) is strictly decreasing if f'(x) <0, ie, ifx—-1<0

or x < 1.
Thus, f is strictly increasing T in (1, =) and strictly decreasing
lin (= o, 1).

7. Show that y = log (1 + x) - 22+x , x > -1 is an increasing
x

function of x throughout its domain.

Sol. Given: y = log (1 + x) — 2%
2+ x
d d
dy 1 d (2+x)a(2x)—2xa(2+x)
= = — 1 +x) -
dx 1+x dx 2+ x)?
1 [@+x2-2] 1 (4+2x-20)
T 1+x 2+ x)? T l+x 2+ x)?
L ody o1 4 o @2+0'-40+w
dc  1+x  ©2+x2 (1+x)2+x)?
4+x"+4x-4-4x x? ©
T Q+0@+2? 1+ 2)2+x)?

Domain of the given function is given to be x > — 1
= x+1>0 Also(2+x)?>0andx®>>0

From (7), % > 0 for all x in the domain (x > — 1).
X

The given function is an increasing function of x (in its
domain namely x > — 1).

Note 1. For an increasing function % = f’(x) 2 0 and for a
x

strictly increasing function % =f'(x) > 0.
x
Note 2. For a decreasing function Z—y = f’(x) £ 0 and for a
x

strictly decreasing function 3—3’ =f'(x) < 0.
X



8. Find the value of x for which y = (x(x - 2))? is an increasing
function.
Sol. Given: y (= f(x)) = (x(x — 2)).

d
Step I. Find % and form factors of R.H.S. of value of é .
x

dy _ 5o L _
ol 2x(x — 2) ax [x(x — 2)]
.. i n _ n-1 i
[- T (f)™ = n(f(x) T f(x)}
= dy = 2x(x — 2) [xi (x-2)+(x-2) d x} (Product Rule)
dx dx dx
=2x(x —2) [x + x — 2] = 2x(x — 2)(2x — 2)
or B - g~ - 1) )
dx

dy

Step II. Put de = 0.

. From (7)) 4x(x — 2)x — 1) =0

But 4 #0 .. Eitherx=0 or x-2=0 or x-1=0

= x=0, x=2,x=1 O o > . O
—o (0] 1 2 0

These three turning points x = 0, x = 1, x = 2 (arranged in their

ascending order divide the real line into three sub-intervals (- oo,

0], [0, 11, [1, 2], [2, ).

Step IIT

Interval sign of ﬂ Nature of y = f(x)

= dx(x - 2)(x - 1) ...(0)

(= oo, 0] Take x = — 1 (say). s f(x) is decreasing |
Then from (i),
B oo
X
=(=)(or=0
at x = 0) e, <0
[0, 1] Take x = % (say). s f(x) is increasing T
Then from (i),
Yoo e
e +) =) =)
= (4) (or = 0 at
x=0,x=1)
te, >0
[1, 2] Take x = 1.5 (say). s f(x) is decreasing |
Then from (@),
dy

e CONCNCD!




T = r=0at | ]
x=1x=2)
te, <0
[2, ) Take x = 3 (say). f(x) is increasing T
Then from (),
D@
= (4) (or = 0 at
x =2)
e, >0

Sol.

Therefore, f(x) is an increasing function in the intervals [0, 1]
(i.e., 0 <x <1) and [2, =) (i.e., x = 2).
Remark. (We have included the turning points in the sub-
intervals because we are to discuss for increasing function and

not for strictly increasing function. See Notes 1 and 2 at the end
of solution of Q. No. 7).

Prove that y = _4sinb - 0 is an increasing function of 0
(2 + cos 0)
in [0, E} .
2
Here y = 4sin O B
(2 + cos 0)
Q _ (2+cos0).4 cos 0 -4 sin 0 (- sin 0) 1
do (2 + cos 0)?
_ 8cos0+4cos”0+4sin” 0 ~
(2 + cos 0)?
2 20y 2
_ 8 cos 0 + 4 (cos” 0 + sin S) (2 + cos 0) (Taking L.C.M.)
(2 + cos 0)
_ 8cos0+4-(2+cos0)®  (8cosO+4)—(4+4cosh + cos 0)
(2 + cos 0)? (2 + cos 0)?
o Y _ 4cos0-cos®0  cosO(4-cos0) o
de (2 + cos 0)2 (2 + cos 0)?

Since 0 < 6 < E,

we have Q0 < cos 6 < 1 and, therefore, 4 — cos 6 > 0. Also
(2 + cos 02> 0

From (7)

Hence, y is an increasing function of 6 in [0, g}



10. Prove that the logarithmic function is strictly increasing on
(0, ).
Sol. Given: f(x) = log x

[(x) = 1 > 0 for all x in (0, ) [ x€ (0, = x>0]
x

f(x) is strictly increasing on (0, ).

11. Prove that the function f given by f(x) = 2 - x + 1 is
neither strictly increasing nor strictly decreasing on (- 1, 1).
Sol. Given: f(x)=x>—-x+1
f/x) =2x -1
f(x) is strictly increasing if f'(x) > 0 ie., if2x—-1>0

le, if 2x>1 or x > 3

f(x) is strictly decreasing if

. . . 1
f'x) <0ie, if 2 -1<0 ie, x< >

1
o f(x) is strictly increasing for x > % i.e., on the interval [5, 1)
[*.- The given interval is (— 1, 1)]

. . . 1 . .
and f(x) is strictly decreasing for x < > i.e., on the interval

1
[— 1, 5) . ['." The given interval is (- 1, 1)]

- [(x) is neither strictly increasing nor strictly decreasing on the
interval (— 1, 1).

12. Which of the following functions are strictly decreasing on

o3

(A) cos x (B) cos 2x (C) cos 3x (D) tan x.
Sol. (A) Let flx) =cosx then f’(x) =- sin x

0<x< g in [0, g) , therefore sin x > 0
[Because sin x is positive in both first and second quadrants]

— _—sinx<0 . f'x)=—sinx<0 on (o,g)

= f(x) is strictly decreasing on (0, g) .
(B) Let f(x) = cos 2x then [’(x)=- 2 sin 2x

0<x<g,.'. O0<2x<m

= sin 2x >0 = —2sin 2x < 0



13.

Sol.

L fx)=—2sin2x <0 on(O,

N3

= f(x) is strictly decreasing on (0, g) .

(C) Let f(x) = cos 3x then f’(x) =— 3 sin 3x
0<x<Z, . 0<3x<3® 210
2 2
. b
Now for 0 < 3x < 7, [z.e.,0<x<§j sin 3x > 0

(*." sin 0 is positive in first two quadrants)
= fx)=-3sin3x<0=f"(x) <0

= f(x) is strictly decreasing on (0, gj

and for mT<3x < 3?11, sin 3x < 0

[Because sin 6 is negative in third quadrant]
L fx)=-3sin3x >0=f"(x) >0

= f(x) is strictly increasing on (g, gj

f (x) is neither strictly increasing nor strictly decreasing on

o3

(D) Let f(x)=tanx then f'(x)=sec?x >0
= f(x) is strictly increasing on (0, g) .

Hence, only the functions in options (A) and (B) are strictly
decreasing.
On which of the following intervals is the function f given
by f(x) = #1% + sin x - 1 is strictly decreasing?

T

A 0,1 (B) (gn) (©) (o, 2) (D) None of these.

Given: f(x) = 1% + sin x — 1
f'(x) = 100 x + cos x (@)
Let us test option (A) (0, 1)
On (0, 1); x > 0 and hence 100 x*° > 0
For cos x; interval (0, 1) = (0, 1 radian)
= (0, 57° nearly) (.- m radians = 180°
180°

= 1 radian =

1807 7 90° x 7 630°
= 22 = 1800 X — = x =
7 22 11 11

= 57° nearly)



14.

Sol.

= «x is in first quadrant and hence cos x is positive.

From (i), f’(x) = 100x®® + cos x > 0 and hence f(x) is
strictly increasing on (0, 1).

Option (A) is not the correct option.

Let us test option (B) (g, n)

For 100x%, x € (g, nj

7)) 22 11 22
= X € 9 5 7 = (7,7) = (15, 31)

= x>1 = x> 1 and hence 100x* > 100.

For cos «, (g,n) = Second quadrant and hence cos x is

negative and has value between — 1 and 0.
(- —=1<cosB<1)

From (i), f’(x) = 100x* + cos x > 100 — 1 =99 > 0
f(x) is strictly increasing on (g, n) ’
Option (B) is not the correct option.

Let us test option (C) (O, gj

On (O, gj i.e., (0, 1.5) both terms 100x* and cos x are positive

and hence from (i), f’(x) = 100x°® + cos x is positive.
[ (x) is strictly increasing on (0, g) also.

Option (C) is also not the correct option.
Option (D) is the correct answer.
Find the least value of a such that the function f given
by f(x) = > + ax + 1 strictly increasing on (1, 2).
Here f(x)=x*>+ax + 1 (@)
Differentiating (i) w.r.t. x, f'(x) = 2x + a ..(@0)
Because f(x) is strictly increasing on (1, 2) (given),
S f(x) =2x +a >0 for all x in (1, 2) ...(1i1)
Nowon (1, 2), 1 <x < 2
Multiplying by 2, 2 < 2x < 4 for all x in (1, 2).
Adding a to all sides
2+a<2x+a<4+aforall xin (1, 2)
or 2+a<f’'(x) <4+ aforall xin (1, 2) [By ()]
~. Minimum value of f "(x) is 2 + a and maximum value of



15.

Sol.

16.

Sol.

f(x)is 4 + a. ...(Iv)
But from (zi7), f "(x) > 0 for all x in (1, 2)

L~ 2+a>0and4 +a>0 [By (v)]
“a>-2anda>-4
a>—2 ['"a >-2 = a > -4 automatically]

.. Least value of a is — 2.
Let I be any interval disjoint from [- 1, 1]. Prove that the

function f given by f(x) = x + 1 is strictly increasing on I.
x

1 O . . o
Given: f(x) =x + — =x + x* % _1 : o

x

1 x?-1
[@=1+C1n?=1- 75 = =
-1(x+1
Forming factors, f'(x) = (967(23“') G
x

Given: I is an interval disjoint from [- 1, 1].
ie, I'=(=00,00)—[-1 1] = (=00, — 1)U (1, )
For every x € I, eitherx <—1 or x> 1

For x < — 1 (For example, x = — 2 (say)),

from (@), f'(x) = w =(+) e, >0
(+)
For x > 1 (For example, x = 2 (say)),
from (), fx) = (+()+()+ )L ()i, >0
f'(x) >0 for all x € T. .. f(x) is strictly increasing on I.

Prove that the function f given by f(x) = log sin x is strictly
increasing on [0, g—j and strictly decreasing on (g, nj .
Given: f(x) = log sin x

1 d .
. — sinx = —
sinx dx sin x

(cos x) = cot x (1)

fx) =
On the interval [O,gj i.e., in first quadrant, from (i),
f'(x) =cotx >0

f(x) is strictly increasing on (0, g) .

On the interval (g, n) i.e., in second quadrant, from (i), f'(x) =

cotx < 0.

f(x) is strictly decreasing on (g, Tc) .



17.

Sol.

18.

Sol.

19.

Sol.

Prove that the function f given by f (x) = log cos x is strictly
decreasing on (0, g) and strictly increasing on (g, nj .
Given: f(x) = log cos x

1 i (cos x) =
cos x dx -

o fl) =

(— sin x) = — tan x (D)

We know that on the interval (O, gj i.e., in first quadrant,

tan x is positive and hence from (i), f’(x) = —tan x is negative
e, < 0.

f(x) is strictly decreasing on (O, gj .

o
We know that on the interval (E,ﬁj i.e., in second quadrant;

tan x is negative and hence from (i),
f’(x) = — tan x is positive i.e., > 0.

f(x) is strictly increasing on (g, n) .

Prove that the function given by f(x) = x% - 3x2 + 3x
- 100 is increasing in R.
Given: f(x) = x® — 3x® + 3x — 100.
Then f/(x) =3x® —6x +3=3x-—2x + 1)
=3 —-12%>0for all x in R

o f(x) is increasing on R.
The interval in which y = x?> ¢ is increasing is
(A) (= oo, ) B) (- 2,0) (C) (2, ) D) (0, 2).
Given: y (= f(x) = x% e *

% = xZ%e’x s e’x%f =x?e " (=1 +e " (20

=—x2e ¥+ 2 e

dy _ x(2-x)
dx - ex
Out of the intervals mentioned in the options (A), (B), (C) and (D),
% > 0 for all x in interval (0, 2) of option (D).
x
y (= f(x)) is strictly increasing and hence increasing in interval
(0, 2) of option D.
Note. For a subjective solution of this question, proceed as in
solution of Q. No. 6 (a), (b), (c).

Remark. Increasing (decreasing) function or monotonically increasing

Y=zxe*(—x+2)

or

(or monotonically decreasing) function have the same meaning.





