Exercise 5.7

Find the second order derivatives of the functions given in
Exercises 1 to 5.

1. 2% + 3x + 2.
Sol. Lety=x*+3x+2
b =2x+31+0=2x+3
dx
2 d (d
Again differentiating w.r.t. x, Z }2, = Ir [dz] =2(1)+0=2.
2. x%0, *
Sol. Let y =2
D g0p19
dx
d%y
Again differentiating w.r.t. x, ol 20.19x"® = 380x18.
X
3. x cos x.
Sol. Let y=x cosx
% = xi COS X + COS X dix [By Product Rule]
X x X

= —x sin x + COS X
Again differentiating w.r.t. x,

d2y d . d
—~ =—- —(x sinx) + — cos x
dxz dx dx
=— xisinx+sinx—d~(x) — sin x
- dx dx
= —(x cos x + sin'x) — sin x = — x €cosS X — Sin x — sin x
=—xcosx —2s8inx =-—(x cos x + 2 sin x).
4. log x.
Sol. Let y = log x b = 1
dx X
L - %y d (1 d
Again differentiating w.r.t. x, = — |=| = —x
& & dx? dx (x) dx
-1
=(-1 —2 = —.
=Dx 2
5. x° log x.
Sol. Let vy =x%1logx
b =3 d log x + log x x> [By Product Rule]
dx dx dx

1
=2 . = + (log x) 3x2
x

=x2 + 3«2 log x



Again differentiating w.r.t. x,

dzy d o d 2
$= =" +3£ (x* log x)

=2x + S[xzilogx+logx%x2}

=2x + 3 x2.1+(logx)2x
x

= 2x + 3(x + 2x log x)
= 2x + 3x + 6x log x = 5x + 6x log x
= x(5 + 6 log x).

Find the second order derivatives of the functions given in
exercises 6 to 10.

6. e* sin 5.
Sol. Let y = ¢" sin 5x
d d
% =e* Ir sin 5x + sin 5x . ¢* [By Product Rule]
= ¢e* cos bx di 5x + sin 5x . e“ = e* cos Bx . 5 + € sin bx
x

or 4] = ¢* (5 cos bx + sin 5x)

dx
Again applying Product Rule of derivatives
d%y

d d
— X 1 o —_ X
ﬁ =e 5(5 cos 5x + sin 5x) + (5 cos 5x + sin 5x) dx
e* (5(— sin 5x) . 5 + (cos B5x) . 5) + (5 cos Bx + sin 5x) e*
=e* (— 25 sin 5x + 5 cos . 5x + 5 cos bx + sin 5x)
=¢e* (10 cos H5x — 24.sin 5x)
= 2¢* (5 cos bx — 12 sin 5x).
7. €% cos 3x.
Sol. Let y = % cos 3x

@=eﬁ"i cos 3x +cos 3x 5~ e

dx dx dx

6x

d
=% (- sin 3x) — (3x) + cos 3x . &%

I . dx 6x

=—e%gin 8.3 +cos 3x.e%.6
Y _ e% (= 3 sin 3x + 6 cos 3x)
dx
Again applying Product Rule of derivatives,
dzy 6x :
ﬁ_e dx (— 3 sin 3x + 6 cos 3x)

. d .
+ (= 3 sin 3x + 6 cos 3x) ——e*™

dx



=e% [~ 3 .cos 8x .3 —6sin 3x . 3]
+ (— 3 sin 3x + 6 cos 3x) €% . 6
e% (= 9 cos 3x — 18 sin 3x — 18 sin 3x + 36 cos 3x)
= e% (27 cos 3x — 36 sin 3x)
= 9¢5%% (3 cos 3x — 4 sin 3x).
8. tan™! x.
Sol. Let y =tan™' x

dy _ 1

dx 1+ x2
Again differentiating w.r.t. x,

d d
&y _d ( 1 ]=(1+x2)dx(1)_1dx(1+x2)

dx® dx 1+ %2 1+ x%)?
B 1+ x22)0 — (2x) 2
G ) C ¢ ) L

9. log (log x).
Sol. Let y = log (log x)

dy 1 d { _d_l ():ii ()}
dr " logx dx BT & B

1 1 1

logx x x log x

Again differentiating w.r.t. x,

d d
@ )\ (xlogx)a(l)—la(xlogx)
dx? (x log x)*

(x log x) 0 — [xi log x + log x da (x)}
dx dx

B (x log x)?

1
) [x.;+logx.1] _ +logx)
- (x log x)? T (xlogx)?

10. sin (log x).
Sol. Let y = sin (log x)

1
% = cos (log x) % (log x) = cos (log x) . :
_ cos (log x)
- x

Again differentiating w.r.t. x,



xi cos (log x) — cos (log x) 4 (x)
dx dx

x2

x[- sin (log x)] di log x — cos (log x)
X

x2

in (log x). - - cos (log 2)
—xsmilogx). -~ cos tog X _ —[sin (log x) + cos (log x)]

B x2 x?
. d?y
11. If y = 5 cos x - 3 sin x, prove that ) +y=0.
Sol. Given: y = 5 cos x — 3 sin x ..(0)
dy =—5sinx — 3 cos x
dx
2
Again differentiating w.r.t. x, —32/ =—-5cosx + 3 sin«x
x
=—(5bcosx—-3sinx) —y (By @)
2 2
or d—;} =—y y +y=0.
dx dx?
d2
12. If y = cos™! x. Find ﬁ in terms of y alone.

Sol. Given: y = cos'x = x=cosy (@)
d -1 -1 .
ay _ = = —— (By @)
dx \/l—x \/l—coszy

& X
= = - = — cosec y
[sin2 y sin y
or 247 = — cosec y ..(@0)
dx
Again differentiating both sides w.r.t. x,
d’y dy}
— =— — (cosecy) = — |—cosec ycoty—
= cosec y cot y (- cosec y) (By (1))
= — cosec? y cot y.
13. If y = 3 cos (log x) + 4 sin (log x), show that x%y, + xy, +y=0.

Sol. Given: y = 3 cos (log x) + 4 sin (log x) (D)

4 _ () = — 3 sin (log x) 4 Jog x + 4 cos (log x) 4 1
= = =—3si x) — x 0 x) 5= x
dx 1 g dx g g dx g
. 1 1
or y;=-—3sin (logx). = + 4 cos (log x). —
x x

Multiplying both sides by L.C.M. = x,
xy; = — 3 sin (log x) + 4 cos (log x)



14.
Sol.

15.
Sol.

Again differentiating both sides w.r.t. x,
i( )=-3 (L )i 1 4 sin (1 )i 1
dx 1) = — 3 cos (log x) -~ log x — 4 sin (log x o og x

= xiy1 + ¥ ix=—3c0s (log x) . 1 — 4 sin (log x) . 1
x x

dx dx
(By Product Rule)
[3 cos (log x) + 4 sin (log x)]
x

= XYg + Y1 =~

Cross-multiplying

x(xyy + y1) = — [3 cos (log x) + 4 sin (log x)]
= xy, +xy; = —y (By (@)
= xPyy + xy; +y = 0.
S d*y dy
If y = Ae™ + Be™, show that d? - (m + n) dx + mny = 0.

Given: y = Ae™ + Be'™ (D)
dy _ oy @ e @ dpw _ fw 4
I - Ae dx (mx) + Be dx (nx)| ™ i e e dx fx)
or &y = Am ™ + Bn ™ ..(n)
dx
2
d—‘g = Am.e™.m + Bne™.n
dx

= Am? ™ + Bn? & L)
2

d d
Puttingdfaluesiof # d% dnd 2% from (i), i) and (iii) in
X

L.H.S —ﬁ—(m+n)ﬂ + mn,
HS. = —5 dx y

= AmZ2e™ + Bn?%™ = (m + n) (Am ™ + Bn ™) + mn(Ae™
+ Be™)
= AmZ%™ + Bn2%e™ = Am? ™ — Bmn ¢ — Amn ™
— Bn? ™ + Amn €™ + Bmn ¢ = 0 = RH.S.
dzy
If y = 500 e™ + 600 ™, show that - 49y.

Given: y = 500 ™ + 600 ¢ (@)
d
d—i =500 e™ (7) + 600 ™ (= 7) = 500(7) ™ — 600(7) ™
dzy
.2 = 500(7) e™ (7) — 600(7)e™™(— 7)
X
= 500(49) e™ + 600(49) ™™
dzy
or —5 = 49[500 €™ + 600 e™™*] = 49y (By (@)
X
d2
or ey . 49y.



d?y (dyY
16. If & (x + 1) = 1, show that s = (dx .
Sol. Given: ¢’ (x + 1) =1
1
ey =
- x+1

1
Taking logs of both sides, log ¢ = log a1l

or yloge=1log1l-1log (x+ 1)

or y=—logx+ 1) [. loge=1and log 1= 0]
dy _ 1 i _ -1 _ -1
- el e ®rV= =D
d2y L, d
ﬁ=—(—1)(x+1)2£(x+1)
i no_ n—li
[. dx(f(x)) n(f (x)) T f(x)}
1 d
- v —(@+D=1+0=1
(x +1)? { dx }
2
LEs = 42 - L
dx (x+1)
2
B dy YV Nl v 1
RHS— [dx] - (X‘F].] = (x+1)2

2 dy P
LHS. = RHS. ie, % - (y] .

2 dx
X
17. If y = (tan™! x)2, show that (x® + 1) y, + 20(x® + 1)y, = 2.
Sol. Given: y = (tan™' x)? (D)
d . d 3 1 d
y; = 2(tan™! x) Ir tan~tx { Ir (fx)" =n (fx)" 5 f(x)}
_ 9 (tan-! x) B 2tan! x
= Yy = an - x 142 = y1—71+x2
Cross-multiplying, (1 + x%) y; = 2 tan™! «
Again differentiating both sides w.r.t. x,
d d 1
2y & @ 2y _
1+ x) dxy1+y1 dx 1 +x%)=2. 1+ 42
9 2
= QA +x%)yy +y, . 2x = 3
1+x

Multiplying both sides by (1 + x?),
&% + 1% yy + 2xy; (1 + )

I
o





