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Exercise 5.5

Note. Logarithmic Differentiation.

The process of differentiating a function after taking its logarithm
is called logarithmic differentiation.

This process of differentiation is very useful in the following
situations:

(i) The given function is of the form (f(x))&®

(7i) The given function involves complicated (as per our thinking)
products (or and) quotients (or and) powers.
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m n .p
Remark 1. log wkc)
dil
=mloga+nlogb+plogc—qglogd-Fklogl
Remark 2. log (v + v) # log u + log v
and log (u — v) # log u — log v.

Differentiate the following functions given in Exercises
1 to 5 w.r.t. x.

1. cos x cos 2x cos 3x.

Sol. Let y = cos x cos 2x cos 3x

(D)
Taking logs on both sides, we have (see Note, (ii) page 261)
log y = log (cos x cos 2x cos 3x)

= log cos x + log cos 2x + log cos 3x
Differentiating both sides w.r.t. x, we have

I logy = I log cos x + % log cos 2x + 4 log cos 3x
1dy _ 1

— cos
y dx cosx dx

— cos 2x
cos 2x - dx

1 d
f(x)dxf(x)}

) ( '2)i(2)
e 2, sin 2%) o (2

1 d
3 ‘-' 1 -
+ o cos 3x { — log f(x)

(— sin x) +

Cos xX

1

cos 3x
— tan x — (tan 2x) 2 — tan 3x (3)

+

: a
(- sin 3x) dx 3x

d
d—y = —y (tanx + 2 tan 2x + 3 tan 3x).
x
Putting the value of ¥ from (i),
Z—y = — cos x cos 2x cos 3x (tan x + 2 tan 2x + 3 tan 3x).
x

9 (x-1)(x-2)
"N -3)(x-4d(x-5)

1/2
(x - (x-2) (x - D(x—-2)
Sol. Lety = \/ @-3x-4x-5 {(x “3)x - ) - 5)}
Taking logs on both sides, we have
1

logy = = [log (x — 1) + log (x — 2) — log (x — 3)

Do |

—log (x — 4) — log (x — 5)] (By Remark I above)
Differentiating both sides w.r.t. x, we have



1 d 1

1| 1 d d
= == —@-D+——(x-2)- —(x-3
dx Z{x—ldx(x )+x—2dx(x )x—de(x )
1 d 1 d
_x—4dx(x_4)_x—5dx(x_5)}

dx 27
Putting the value of y from (i),

dy 1 1+1_1_1_1
x-1 x-2 x-3 x-4 x-5

dy 1 [ @-Dx-2 {1+1_1_1_1}
dxe 2\Vx-3)x-4)x-5) |x-1 x-2 x-3 x-4 x-5]|
3. (log x)°°s~.
Sol. Let y = (log x)*°s* (i) [Form (f(x))&™]
Taking logs on both sides of (i), we have (see Note (i) page 261)
log y = log (log x)*** = cos x log (log x)
[ log m"™ = n log m]

d
= logy = ix [cos x . log (log x)]

dx d
d
= % % = cos x % log (log x) + log (logx)% cos X
[By Product Rule]
d .
= COs X Y I log x + log (log x)(— sin x)
TR . L sin x log (log x)
logx «
dy COSX _ oo (1
e =y Lclogx sin x log (log x) | .
Putting the value of y from (i),
dy _ (log x)%°s * { 5T _ sinx log (log x)} .
» x log x

Very Important Note.

To differentiate y = (f(x))8® + (I(x))™®

or y = (f(x)&Y + h(x)

or y = (f®x)8% + k where % is a constant;

Never start with taking logs of both sides, put one term
= u and the other = v

y=uztv

dy du dU
=~ = = + —
dx dx = dx

Now find @ and @

by the methods already learnt.
dx dx



4.
Sol.

Sol.

x¥ _ gsinx

Let y = x¥ — 2sin¥

Put u=x" and v = 250 % (See Note)
: y=u-v
dy _du _dv @)
dx dx dx
Now u =" [Form (f (x)#®)]
log u = log x* = x log x [ log m"™ = n log m]
d d
I log u = o (x log x)
= f@—xilox+loxix
v dx T dx 8 & dx
=x. 1 +logx.1=1+1logx
x
du ..
— =u (1 +logx)=x"(1+ log x) ..(@0)
S dx
Again v = 2%
dv d sin x sin x i 5
a=az =2 logzdx sin x
d fw _ [ d
o - 1 4
[ dxa a ogadx f(x)
dv . .
e 25" * (log 2) cos x = cos.x". 25" % log 2 N (77))]
x
Putting values from (i7) and (iii) in (i),
D 2 (1 + log x) =cos x . 257 Jog 2.
dx

(x +3)? (x + 9° (x + 5L
Let y = (x + 3) (x + 4 (x + 5)* @)
Taking logs on both sides of eqn. (i) (see Note (ii) page 261)

we have log y =2 log (x + 3) + 3 log (x + 4)
+ 4 log (x + 5) (By Remark I page 262)

dl 2d1 3 Sil 4 4i
— logy ax og (x + 3) + dx og (x +4) + d

dx
log (x + 5)
= 311Zi:Z.x+3CZC(x+3)+3x+4(ZC(x+4)
1 d
+ 4. x+5£(x+5)
2 3 4

+ +
x+3 x+4 x+5

dy 2 3 4
—~ =y + +
dx x+3 x+4 x+5




Putting the value of y from (i),

dy _ 2 3 4 2 + 3 + 4
a—(x+3) (x + 4) (x + 5) x+3 x+4 x+51°
Differentiate the following functions given in Exercises 6 to 11 w.r.t. x.

1

6. (x+1jx + x(“;j.
x

Sol. Let y = (x+i]x + x(“i]
Putting (x+glc]x = u and x(Hi} =v,

dy du dv .
h = S = e
We have y=u+v T T + e @)

Now u

I
///
X
+
KR |
—

X
Taking logarithms, log u = log [x + 1] # log(x T l][Form uv]
x x

Differentiating w.r.t. x, we have
1
1 du =x. L _OY (x+l) + log (x+j.1
x x

u dx i lodx
x
1du=x.11.(1—i2]+log(x+l).l
u dx -l X X
x
d(1 d o -1
S =(=1 -
a3
du x?-1 1
— = +log|x+—
- dx u{x2+1 g( xﬂ
Ly x2—1+10 x+1 i
= (x‘}‘ x] xz i1 g x ...(ll)

Also v = x(H;)
1

(1+7) 1
Taking logarithms, log v = log x = (1 + j log x
x

Differentiating w.r.t. x, we have

1 @= 1+l l+logx _1
v dx x| x ' x2



= @ =0 1 1+1 —izlogx
dx X x) x

1
x(l x] {1(1+1J_1210g x:| i)
X X

X

Putting the values of % and % from (ii) and (iii) in (i), we
x x

have

A 1, 1) 1
dy = x+l X 1+log x+l + x( +x]{ 1+-— —Qlogx}
dx x) |x®+1 x x x) x
7. (log x)* + x'1°8 %,
Sol. Let y = (log x)* + x

log x

= u + v where u = (log x)* and v = x%8 ¥
dy du dv .
dx = a + a ...(l)
Now u = (log x) [(f ())&

- log u = log (log x)* = x log (log x) ['." log m”™ =n log m]

i1 d log (1
dx og u = T [x log (log x)]

1 du =x a log (log x) + log (log x) 3 x (By product rule)
u dx dx dx
B . 1 ilo{c_§x+log(logx).1
log x dx
e L .l+log(logx)
logx «
A _ L Gog Qog x) | = (og xy* [1+ log (log x)]
dx log x log x
- (log " (1 + log x log (log x))
log x
= (log x* =1 (1 + log x log (log x)) (i)
Again v = xl8 % [Form (£ (x))&™]
log v = log x1°¢* = log x . log x [".- logm™ =n log m]
= (log x)?
d d 1 dv d
— 1 = — ( 2 Lo = =2 L=
T og v dx(ogx) = i (log x) I og x
[ % (F)" =n(fx)" ! % f(x)}
=2 log x . 1
x



dv 2 2
— 21 — log x -
I v (x 0og x x o log x
= 218~ 1 Jog x (i)

d dv
Putting values of djt and e from (i7) and (ii7) in (i), we have

% = (log x* =1 (1 + log x log (og x)) + 2x1°8*~ 1 Jog x.

8. (sin x)* + sin™! Jx .
Sol. Let 1y = (sin x)* + sin™! Jx

= u + v where u = (sin x* and v = sin"! Jx

&y _du ~
dx ~ dx * dx )
Now u = (sin x) [Form (f(x))&¥)]

= log u = log (sin x)* = x log sin x

dod
dx (log u) = dx (x log sin x)

= lﬁ—xilo sin x + lo sinxix
u dx ~ dx € \ do

1 d
. — i 1 1 .1
x Snx do sin x + (log sin x)

=x ——cos x + log sin x.= x cot x + log sin x
sin x
du . o . ..
I = u (x cot x + log sin x) = (sin x)* (x cot x + log sin x)...(i7)
x
Again v = sin™! Jx
o dv 1 d d . 1 d

A S 7 v ——sin! f(x) = ——e — f(x)
dx /1_(\/;)2 dx Vx dx J1- (F(x))? dx
1 1 4. d d 12_1 -1/2=1}
== 2\/;{ x x x
w 1 1 1
dx ~ 2\/;\/1—x - 2/x(1 - x) - 2\/x—x2

e VT dx 2 oWz

or ...(2i1)

Putting values of du and v from (iz) and (izi) in (7),
dx dx

dy . . 1
=~ = (sin x)* (x cot x + log sin x) + ———.
dx 2x — x?

9. x5 ¥ 4 (sin x)°°5 %,
Sol. Let y =x""% + (sin x)*~

=u + v where u = x*”*

and v = (sin x)“*



dy _du dv .
dx dx " dx 0
Now w© = x"° [Form (f(x))g<x)]
- log u = log x*™* = sin x log x
% log u = % (sin x log x)
= 1 du _ sin 4 lo + lo —— sin
Pl x o logx gx o x
. 1 sin x
=sinx. — + (logx) cosx = + cos x log x
x x
du -u il + cos x log x
dx x
= ysinx (SH; X tcosx log x) G0

Again v = (sin x)** [Form £ (x$%]
log v = log (sin x)**** = cos x log sin x

d d
s = (log v) = — [cos «x log sin x|
X X

d. d.
- 1 dv d 1 . 1 ) d
— —— =cos x — log sin x + log sin'x — cosx
v dx dx & 4 dx
1
=C0oS X — —— (sin x) + log sin x (- sin x)
sinx dx
= cot x . cos x — sin-x log sin x
d y .
< (cos x cot x —sin x log sin x)
dx

= (sin x)°° *(cos x cot x — sin x log sinx) ...(ii7)

d
Putting values of 29 and & from (iz) and (i77) in (7),
dx dx

we have @ = ySinx sm x + cos x log x
dx x

+ (sin x)°®** (cos x cot x — sin x log sin x)

2
10, greose p £ ¥
x% -1
2
Sol. Let y = & % 4 7x2+1
x“ -1
2
Putting x* °** = © and x2+i =v
22—

Wehavey=u+v @=@ dv

dx dx + a (l)



NOW u = xx COoS X
Taking logarithms, log u = log x* % *
Differentiating w.r.t. x, we have

= x cos x log x

1 @—i(xcosxlo x)
u dx  dx g
= 4 (x) . cos x log x + x a (cos x) . log x
dx dx

+ X COS X 1 (log x)
dx

d du dv dw
v —Wwvw)=—uvw+u— . w+uv—
dx dx dx dx

1
=1 cos x log x + x (— sin x) logx +x cosx . —
x

du

= d—=u[cosxlogx—xsinxlogx+cosx]
X
= x* “ ¥ [cos x log x — x sin x log x + cos x] ()
x? +
Also v = . Using quotient rule, we have

x? -1

d d
do (x2—l)a(x2+1)—(x2+1).a(x2—1)

dx (% -1)?
P -D).2x-("+1).2x  22° -2x-2x° -2
- (x* ~1) - (x? -1
4x
< (JCT—T)Q (i)
. du dv . U
Putting the values of i and e from (i7) and (iii) in (i), we have
% = x* ¥ [cos x log x — x sin x log x + cos x]— (3524%1)2
11. (x cos x)* + (x sin x)'*,
Sol. Let y = (x cos x)* + (x sin x)*
Putting (x cos x)* = u and (x sin o) = v,
d
We have y = u + v % =?: + % (D)

Now u = (x cos x)*

Taking logarithms, log u = log (x cos x)* = x log (x cos x)
= x (log x + log cos x)

Differentiating w.r.t. x, we have

1 du {1
2 - x

. — —+
u dx X CoSX

.(-sin x)} + (log x + log cos x). 1



du

= — =u [l -xtan x + log (x cos x)]
dx
[ log x + log cos x = log (x cos x)]
= (x cos x)° [1 — x tan x + log (x cos x)] ..(11)
Also v = (x sin 0

1
Taking logarithms, log v =log (x sin )V = —log (x sin x)
x
1 .
= = (log x + log sin x)
x
Differentiating w.r.t. x, we have

1 dv 1|1 1 . 1
Sk e [ .cos x |+ (log x + log sin x) | ——
v dcx x|x sinx x

- dv . {i+cotx_log(xsinx)}
dx

2 x x2

2

1+ x cot x — log (x sin x)}
. 1/x
(x sin )™ . [ -

..(ur)

Putting the values of d—u and a4y from (iz) and (iii) in (i), we
X X
have

R — X —
= (x cos )" [1 —x tan x + log (x cos x)]

1+ x cot x — log (x sin x)
+ (x sin @) [ 5 g }

x
Find d—y of the functions given in Exercises 12 to 15:
X
12. x¥ + y* = 1.
Sol. Given : ¥’ + y* =1

= u+v=1 where u=x and v =y"

d d d
a(u)+ a(v)= E(l)

~ du  dv _ @)
ie., T ol | (s
Now u =2 [(Variable)"™ P = ( f(x))&]
log u = log x’ =y log x
d d
2 -4 1
dx o8 u dx ( log x)
1 du d dy 1 dy
= 22 —y—1 1 — =y . — 1 .=
= L dr ydx og x + log x dx y x+0gx
du

dx
y dy

—_— = < +1 =

dx u(x+0gx dx]



or @=xy l+logxﬂ =x 4 + x¥ log x ol
dx x x dx
YooxY _
or % =2 "y + 2 log x 4 (i1) { *:?:xy 1}
Again v=y"
d d
log v = log y* = x log y s — logv=— (xlogy)
dx dx
1 dv d d 1 dy
—_ — = —_— 1 1 — = . —_—— 1 1
e xdx(ogy)+ og y dxx x S dx og y
dv x dy
= = = = F+logy
dx (ydx & ]
=y ——+lo =y x dy +y° 1
= y dx gy | = y dx y logy
ooy 2 1
= dx =y dx + y* log y (Tir)

Putting values of du and A from (iz) and (izi) in (i), we have

dx dx

dy dy
_1 — N — -
x¥ y+xylogxdx + y* xdx +y°logy =0

or % logx +y " l)=—a "Ly =y logy
x

dy @ 'y+y‘logy)
de ~ xlogx+ytlax’
13. y* =
Sol. Given: y* = ¥ = «¥.=y".
| Form on both sides is (f(x)¥®
Taking logarithms, log ’ = log y* = y log x = x log y
Differentiating w.r.t. x, we have
Y. 1+logx. dy =x. 1 . b +logy .1
x dx y dx

X dy
logx-=| =X =1 —
:>[ g y] dx og y

- ylogx-x dy _ xlog . dy _ ylxlogy-y)
y Cdx x T odx x(ylog x —x)
14. (cos x)” = (cos y)~.
Sol. Given: (cos x) = (cos y)* [Form on both sides is (f(x))8®)]
Taking logs on both sides, we have
log (cos x) = log (cos y)*
= ylog cos x =xlogcosy [.© logm" =n log m]

Y
x
y-



Differentiating both sides w.r.t. x, we have

d d
—(yl = —(x1
Tx (y log cos x) o (x log cos y)
Applying Product Rule on both sides,
= yilog cos x + log cos x dy
dx x

d d
=x —log cosy +logcosy —«x

dx dx
d dy
= y. — cos x + log cos x —
cos x dx dx
1 d
=x. — cos y + log cos y
cos y dx
= (- sin x) + log cos x@
cos X dx
=X —sinyﬂ + log cos y
cos y dx
= —ytanx+logcosx.@ =—xtanygz+logcosy
dx dx
= xtany &y + log cos x . gy =y tan x + log cos y
dx dx
dy
= d—(xtany+logcosx)=ytanx+logcosy
5
. dy _ ytana+logcosy
dx ~ xtany +logcosx
15. xy =e* 7.
Sol. Given: xy = &Y

Taking logs on both sides, we have
log (xy) = log e* =7
= logx +logy =(—y)loge

= logx+logy=x—-y (. loge=1)
Differentiating both sides w.r.t. x, we have

— logx + — lo —ix—i

de 2T @ BV T T &
- 1,1d _, &

x y dx dx
= lﬂ+ﬂ=1—l :>@1+1=x_1
x  dx x dx |y x
1

- [1+y] dy _ x-

dx x



16.

Sol.

17.

Sol.

Cross-multiplying x(1 + y)% =yx - 1)
X

@ _ oyx-1)
dx  x(1+y)’
Find the derivative of the function given by
f@ =1 +2)A +2HA + 2HA + %) and hence find £’(1).
Given: f(x) = (1 + x)(1 + 22)(1 + 2H(1 + «¥) (D)
Taking logs on both sides, we have

log f(x) = log (1 + x) + log (1 + x2) + log (1 + x*) + log (1 + &%
Differentiating both sides w.r.t. x, we have

=

1 d 1 d 1 d
—_— = = —1 —— — (1 + 2
f(x) dx [ 1+x dx( +x)+1+x2 dx( +)
1 d 1 d
-~ 1 4 = a 8
1+ dx( +x)+1+x8 dx( )
= if’(x)=i.1+ .2 + 1 4P+ ! 8x7

f(x) 1+x 1+ a2 1+ x* 1+4a8

2x 4x3 8x"

(x) = + + +

[ =1 L+x 1+22 1+ 1+x8}

Putting the value of f(x) from (i),

£/ =1 + 200 + 2D + 2HA +48)

1 2x 4x° 8x’ ]
+ + +

T+x 1+ 1+a* 1+4°]

Putting x = 1,
f/A)=101+ DDA+ DDA+DA+1
1 2 4 8 |
+ + +
1+1 1+1 1+1 1+1]

99922 (1,2,4,8 =16[E} =8 x 15 = 120.
279 2

Differentiate (v - 5x + 8)(x® + 7Tx + 9) in three ways
mentioned below:
(i) by using product rule.
(ii) by expanding the product to obtain a single
polynomial.
(iii) by logarithmic differentiation.
Do they all give the same answer?
Given: Let y = (@ — 5x + 8)(x® + 7x + 9) (1)

d
(i) To find é by using Product Rule

dy

= x® - 5x + 8) i(x3+7x+9)
dx dx



d
+(x3+7x+9)a (% - 5x + 8)

= —bx +8)Bx2+ 7))+ (x® + Tx + 9(2x — 5)
= 3x* + Tx? — 15x% — 35x + 2422 + 56

+ 2x* — 5x® + 14x% — 35x + 18x — 45
= 5x* — 20x° + 45x% — 52x + 11 (2

d
(i) To find é by expanding the product to obtain a

single polynomial.
From (i), y = ¢ = 5x + 8) (x® + Tx + 9)
=% + Tx® + 9x? — Bx* — 35x% — 45x
+ 8x% + 56x + 72

or y =x° — Baxt + 1523 — 260 + 11x + 72
d
d% = bx* — 204 + 45x% — 52x + 11 (3

d
(Zii) To find é by logarithmic differentiation

Taking logs on both sides of (i), we have
log y = log (x* — 5x + 8) + log (% + Tx '+ 9)

d d 2 d 3
.. — lo = — log (x* = 5x + 8) + — log (x° + Tx + 9)
dx & dx & dx &
lﬂz%_ i(x2—5x+8)
y dx x“=bx+8 dx
1 ey
x°+7x+9 dx
1
= £ S (9 N 3x% + 7
S el N E e T

dx
_ {m —B)x® + T+ 9) + (352 + (a2 — Bx + 8)}

dy | @x-5)  3x*+7
x> -Bx+8 xP+Tx+9

(x% - 5x + 8)(x® + Tx + 9)
[2x* + 14x? + 18x — 5x® — 35x — 45 + 3x* — 15x°
+24x2 + 7x? - 35x + 56]
(x® -Bx+8)x® +Tx +9)
dy  (5x* —20x° + 45x% — 52x + 11)
de 7T (P 8P 4 Tx+ 9)
Putting the value of y from (i),

DY _ 2 s 8 s Tr s 9) (5x* — 20x” + 452" — 52x + 11)
PP (x® —Bx + 8)(x® + Tx + 9)

= bx* — 200° + 45x% — 52x + 11 (4

=Y

or




18.

Sol.

d
From (2), (3) and (4), we can say that value of aTz is same

obtained by three different methods used in (i), (i) and (iii).
If u, v and w are functions of x, then show that

d du dv dw
E(u.v.w): ™ v.w+u. dx cwru.v o
in two ways-first by repeated application of product rule,
second by logarithmic differentiation.

Given: u, v and w are functions of x.
d
Toprove:a(u.v.w)=%.v.w+u.% .w+u.v.(fi—l;) (1)
(i) To prove eqn. (i): By repeated application of product
rule
d
LHS. = Ir uw.v.w)
Let us treat the product uv as a single function
d
= % [(uv)w] = uv% (w) + W (uv)

d
Again Applying Product Rule on . (uv)

LHS. = i(uvw) A uviui + w uiv+viu
dx dx

dx dx
dv du
= uv—x +uw o def
Rearranging terms
du dv dw
or a(uvw)= v wru. o WU

which proves eqn. (i)
(i1) To prove eqn. (i): By Logarithmic differentiation
Let y = uvw
Taking logs on both sides
logy =log (u.v.w)=1logu+logv +logw

'ilo —ilou+ilov+ilow
" dx gy_dx g dx g dx g
1 dy 1 du 1 dv 1 dw
-V = — 4+ - — 4 — —
y dx u dx v dx w dx
L B[l 1de)

dx ude vdr w dx

Putting v = o - (wow) = w184 L0, 1 dw
utting y = uow, —-(wow) = uww v de vde w de



—@ v.w+u @ w+u vd—w which proves eqn. (i)
=2 V- I . p qn. ().

Remark. The result of eqn. (i) can be used as a formula
for derivative of product of three functions.

It can be used as a formula for doing Q. No. 1 and Q. No. 5
of this Exercise 5.5.





