NCERT Class 12 Maths

Solutions

Chapter - 5

Exercise 5.1
1. Prove that the function f (x) = 5x - 3 is continuous at x = 0,
at x = -3 and at x = 5.
Sol. Given: f (x) = 5x — 3 (D)
Continuity at x = 0

}ig% 1ER= }g% (5x - 3) By @)

Putting x = 0, = 5(0) — 3.0 - 3 = — 3
Putting x = 0.in (i), £ (0) = 5(0) — 3 = — 3

lin}J flx) =f0)(=-3) o f (x) is continuous at x = 0.
Continuity at x = - 3
111!}3 flx) = lirrfl3 (5x—3) (By (@)

Putting x = — 3, = 5(- 3) =3 = — 15— 3 = — 18
Putting x = — 3 in (i), f(- 3)=5(- 3) —3=— 15 — 3=— 18

Iim f(x) =7 (- 3)=-18)

x—-3

f (x) is continuous at x = — 3.
Continuity at x = 5
111115 flx) = lin}) (Bx-3) (By ()
Putting x = 5, 5(5) - 3 = 25 - 3 = 22
Putting x = 5 in (@), f (5) = 5(5) — 3 = 25 — 3 = 22

1i1115 Bx-3) =f(5B)(=22) .. f[f(x)is continuous at x = 5.
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2. Examine the continuity of the function
fx) =2x? -1 at x = 3.

Sol. Given: [ (x) = 2x? — 1 (D)
Continuity at x = 3
lim f(x) = lim (2x%-1) [By ()]
x—3 x—3
Putting x =3, =232 -1=29 -1=18 -1 =17
Putting x =3 in (i), f(3) =232 -1=18 -1 = 17
lin}g’ f®) =f@3) (=17 s f(x) is continuous at x = 3.
3. Examine the following functions for continuity:
(@) fx) =x-5 b) fx) = 1 y X #5
x-5
2_25
@©f@=5"2x2-5 @ f@=lx-5]
Sol. (a) Given: f(x) =x -5 ..(0)

The domain of fis R
(. f(x) is real and finite for all x € R)
Let ¢ be any real number (i.e, ¢ € domain of /).

lim f(x) = lim (x-5) [By ()]
x—c xX—=c

Puttingx =¢,=¢c -5

Putting x = cin (@), f(¢c) = ¢ - 5

lim f(x) =f(c) (=c - 5)

[ is continuous at every point c¢ in its domain (here R).

Hence f is continuous.
Or

Here f(x) = x —5 is a polynomial function. We know that
every polynomial function is continuous (see note below).
Hence f (x) is continuous (in its domain R)
Very important Note. The following functions are
continuous (for all x in their domain).
1. Constant function
2. Polynomial function.

3.Rational function % where f (x) and g(x) are
glx
polynomial functions of x and g (x) # 0.
4. Sine function (= sin x).

5. cos x. 6. ¢
7. e " 8. log x (x > 0).
9. Modulus function.
®) Given: f(x) = -~ x5 )
x—-5

Given: The domain fis R — (x # 5) ie, R — {5}



(c)

(d)

1 1 1
" Forx =5, f(x) = = = =
( 5= e S T T

5 ¢ domain of f)
Let ¢ be any real number such that ¢ # 5

lim f(x) = iim [By (@)]

—-c x—5H
. 1
Putting x = ¢, =
c-5
. . 1
Putting x = ¢ in (), f(c) = p—

c-5
f (x) is continuous at every point ¢ in the domain of f.
Hence f is continuous.
Or

lim /() = £ (0 (: 1 ]

Here f (x) =

1
5 x # 5 is a rational function

= Polynomial 1 of degree 0 and its denominator
Polynomial (x — 5) of degree 1
i.e., x—5)=20(C. x#5). We know that every rational
function is continuous (By Note below Solution of Q. No.
3(a)). Therefore f is continuous (in its domain R — {5}).

2_
-, . O
+5
x%=25
Here f(x) = " , x # — b is a rational function and
denominator'x + 5 # 0 (".© x # — 5).
2 _
(In fact fx) = ¥ =25 (s _p) = E¥D&=5)
x+5 x+5

=x — 5, (x # — 5) is a polynomial function). We know that
every rational function is continuous. Therefore f is
continuous (in its domain R — {— 5}).

Or
Proceed as in Method I of @. No. 3(b).
Given: f (x) = |x - 5|
Domain of f (x) is R (". f(x) is real and finite for all real
X in (= oo, o0))
Here f(x) = | x — 5 | is a modulus function.
We know that every modulus function is continuous.
(By Note below Solution of Q. No. 3(a)). Therefore f is
continuous in its domain R.



4.

Sol.

Sol.

Prove that the function f(x) = x"™ is continuous at
x = n where n is a positive integer.
Given: f (x) = x* where n is a positive integer. (D)
Domain of f (x) is R ("." f (x) is real and finite for all real x)
Here f (x) = x*, where n is a positive integer.
We know that every polynomial function of x is a continuous
function. Therefore, f is continuous (in its whole domain R) and
hence continuous at x = n also.
Or

Iim f(x) = lim x" [By ()]

X—n x—n
Putting x = n, = n"
Again putting x = n in ), f (n) = n"

lim f(x) = f(n) (= n" .. f(x) is continuous at x = n.

Is the function f defined by

x, if x<1
() =17
f {5, if x>1
continuous at x = 0?2, At x = 12, At x = 27?

x, if x<1 L)
5 if x>1 .(@0)

(Read Note (on continuity) before the solution of Q. No. 1 of this
exercise)
Continuity at x = 0

Given: f(x) = {

Left Hand Limit = lirrgi flx)= lin(}i x [By ()]
(x > 0 = «x < slightly lessthan 0 = x < 1)

Puttingx =0, =0

Right hand limit = liII(}+ flx) = linol* x [By ()]

(x — 0" = «x is slightly greater than 0 say x = 0.001 = x< 1)
Putting x = 0, lim f(x) =0 s lim fx) = lim fx)=0
x—0" x—=0 x—0"

liir(l) f(x) exists and = 0 = f(0)

(". Putting x = 0 in (7), £(0) = 0)
f(x) is continuous at x = 0.
Continuity at x = 1

Left Hand Limit = lim f(x) = lim «x [By (i)]
x—>1" x—1

Puttingx =1, =1

Right Hand Limit = lim f(x) = lim 5
x—1 x—1"

Puttingx =1, lim f(x) =5
x—1"



lim flx)# lim f(x) o lim f(x) does not exist.
x—1" x—1" x—1

f(x) is discontinuous at x = 1.
Continuity at x = 2

Left Hand Limit = lim f(x) = lim 5 [By (i1)]
x—2" x—2"
(x > 2 - = xisslightly <2 = x =198 (say) = x > 1)
Putting x = 2, =5
Right Hand Limit = lim f(x) = lim 5 [By (i))]
x—2° x—2"

(x > 2+ = «xis slightly > 2 and hence x > 1 also)
Putting x = 2, =5

lim f(x)= lim f(x) (=5)

x—2" x—2"

lim2 f(x) exists and = 5 = f(2)

(Putting x = 2> 1 in (i), f(2) = 5)
f(x) is continuous at x = 2
Answer. [ is continuous at x = 0 and x = 2 but not continuous
at x = 1.

Find all points of discontinuity of f, where f is defined by
(Exercises 6 to 12)

2x+3, x<2
6. = g
f @) {2x—3, x>2
Sol. Given: f(x) = 2x + 3, x <2 .(0)

=2x-3 x>2 ..(@1)

To find points of discontinuity of f (in its domain)
Here f(x) is defined for.x < 2 ie., on (- o, 2]
and also for x > 2 i.e, on (2, =)

Domain of fis (= o, 2] U (2, ) = (= o, ) = R
By (i), for all x < 2 (x = 2 being partitioning point can’t be
mentioned here) f(x) = 2x + 3 is a polynomial and hence
continuous.
By (ii), for all x > 2, f(x) = 2x — 3 is a polynomial and hence
continuous. Therefore f(x) is continuous on R — {2}.
Let us examine continuity of f at partitioning point
x=2

Left Hand Limit

an21 fx) = hnZl, (2x + 3) [By ()]
Putting x = 2, 22)+3=4+3="17

Right Hand Limit

1i11’21+ fx) = 11_}1’121 (2x — 3) [By ()]
22)-3=4-3=1

fiy £+ Jiy 1)

Putting x = 2,



Sol.

1i1112 f(x) does not exist and hence f(x) is discontinuous at
X —

x = 2 (only).
lx1+3, if x<-3
fx) = -2x, if -3<x<3.
6x +2, if x2>23
lx1+3, if x<-3 ..(0)
Given: f(x)= 4 —2x, if —-3<x<3 ..(iD)
6x +2, if x>3 .(@i0)

Here f(x) is defined for x < — 3 i.e., (- o, — 3] and also for
— 3 <x < 3 and also for x > 3 i.e., on [3, «).

Domain of fis (— e, —3] U (= 3, 3) U [3, ) = (— o, o) = R.
By (i), forallx < -3, f(x) =l x | +3=—x+3

(' x < — 3 means x is negative and hence | x | = — x)

is a polynomial and hence continuous.
By (i), for all x (= 3 < x < 3) f(x) = — 2x is a polynomial and
hence continuous.
By (iii), for all x > 3, f(x) = 6x + 2 is a polynomial and hence
continuous. Therefore, f(x) is continuous on R = {- 3, 3}.
From (i), (ii) and (iii) we can observe that x = — 3 and
x = 3 are partitioning points of the domain R.
Let us examine continuity of f at partitioning point
x=-3

Left Hand Limit = lim f(x) = lim (| x| + 3) [By ()]
x—>-3 x—-3
(Fx—>-3 = x<-3)
= lim o (—x+3)
x—=3"
(. x> -3 = x < - 3 means x is negative and hence
[x]=-2x)
Putx=-3,=3+3=6

Right Hand Limit = lm f@) = lim (-2v)  [By (i)l

o x—>-3" = x>-3)

Putting x = - 3, =-2(-3)=6
limy fl) = xl_ljflg fx) (= 6)

1in}3 f(x) exists and = 6
Puttingx =-3in (i),f(-3)=|-3|+3=3+3=6
xlil{l3 fx)=f(=3)(=6)

f(x) is continuous at x = — 3.



Sol.

Now let us examine continuity of f at partitioning point

x=3
Left Hand Limit = lim f(x) = lim (- 2x) [By (ii)]
x—3 x—3
(mx—>3 = x<3)
Puttingx =3, =-23)=-6

Right Hand Limit = lim f(x) = lim (6x + 2) [By (ii)]
x—3" x—3"

(. x—>3 = x>3)
Puttingx =3, =63) +2=18+2 =20

1in§ f(x) does not exist and hence f(x) is discontinuous at
x—

x = 3 (only).
lx|
-, if 0
foy={x" " 70,
0, if x=0

Given: f(x) = lxl ifx#0
x

[i.e.,=£=1 if x>0 (. Forx>0,|x]|=x)
oy

and = — LN 4 lifx <0 ¢ Forx<0,|x|=-x)
x
ie., flx) =1 if x>0 (D)
=—1 if x <0 (ll)
0 if x=0 ...(111)

Clearly domain of f(x)is R (.- f(x) is defined for x > 0, for x < 0
and also for x = 0)

By (i), for all x >0, f(x) = 1 is a constant function and hence
continuous.

By (ii), for all x < 0, f(x) = — 1 is a constant function and hence
continuous.

Therefore f(x) is continuous on R — {0}.

Let us examine continuity of f at the partitioning point x =0

Left Hand Limit = lim f(x) = lim -1 [By (1)]
x—0 x—0"
(. x>0 = x2<0)
Put x = 0, =-1
Right Hand Limit = lim f(x) = lim 1 [By ()]
x—0" x—0"

(. x>0 = x>0
Putx =0, =1



9.

lin}) f(x) does not exist and hence f(x) is discontinuous at
xX—>

x = 0 (only).

Note. It may be noted that the function given in Q. No. 8 is
called a signum function.

X if x<0
fx) = {lxl’ )

-1, if x>0

Sol. Given:

10.

Sol.

f@= |2, if x<0=-2 =_1if 2<0 )
x| -x

(. Forx<0,|x|=-x)

-1 if x>0 ...(i0)

Here f(x) is defined for x < 0 i.e., on (-0, 0) and also for x > 0
i.e., on [0, o).

Domain of fis (- o0, 0) U [0, ) = (— s, «) = R.
From (i) and (i7), we find that

f(x) = — 1 for all real x (< 0 as well as > 0)

Here f(x) = — 1 is a constant function.
We know that every constant function is continuous.

f is continuous (for all real x in its domain R)
Hence no point of discontinuity.

x+1, if x2>1
fx) = 2 . .
x“+1, if x<1

x+1, if x>1 ..(@D)

Given: 241 if x<l (i)

Here f(x) is defined for x > 1 i.e., on [1, «) and also for
x < 1ie., on (— oo, 1).
Domain of fis (= e, 1) U [1, ) = (= o0, ) = R
By (i), for all x > 1, f(x) = x + 1 is a polynomial and hence
continuous.
By (ii), for all x < 1, f(x) = x> + 1 is a polynomial and hence
continuous. Therefore f is continuous on R — {1}.
Let us examine continuity of f at the partitioning point
x=1.
Left Hand Limit = lim f(x) = lim 2+ 1) [By ()]

x—1 x—1

o x—>1 = x<1)
Puttingx =1, =12+1=1+1=2



Right Hand Limit = lim f(x) = lim ¢+ 1) [By ()]

(. x—>1" = x>1)
Puttingx =1,=1+1=2

linll? fx) = 1in11+ fx) (=2

2

lim1 f(x) exists and

1+1=2

Putting x = 1 in (i), f(1)
il_)ml fl)=f1) (=2

f(x) is continuous at x = 1 also.
f is be continuous on its whole domain (R here).
Hence no point of discontinuity.

3 .
-8, if x<2
1. f@) = 1" norss
x2+1, if x>2
. -3, if x<2 @)
Sol. Given: fx) = 9 ..
x“+1, if x>2 -(i0)

Here f(x) is defined for x < 2 i.e., on
(= o, 2] and also for x > 2 i.e., on (2, «).

Domain of fis (= e, 2] U (2, ) = (- o, ) = R
By (i), for all x < 2, f(x) = x®>. = 3 is a polynomial and hence
continuous.
By (i), for all x > 2, f(x)'= x> + 1 is a polynomial and hence
continuous.

f is continuous on.R — {2}.
Let us examine continuity of f at the partitioning point x = 2.

Left Hand Limit = lim f(x) = lim (® - 3) [By ()]
x—2° x—2°
(x> 2 > x<2)
Puttingx =2, =22-3=8-3=5
Right Hand Limit = lim f(x) = lim (® + 1) [By (ii)]
x—2° x—2"
(. x—>2" =5 x>2)
Puttingx =2, =22+1=4+1=5

1irr217 fx) = hnzl* f&) (= 5)
111112 f(x) exists and = 5

Putting x = 21in (), f(2) =22 -3=8-3=5
lim2 f@) =f(2)(=5)



12.

Sol.

13.

Sol.

[ (x) is continuous at x = 2 (also).
Hence no point of discontinuity.

10 _ .
f@) = {x 1, if x<1

x%,  if x>1

01, if x<1 N0)
«%,  if x>1 ..(id)
Here f(x) is defined for x < 1 i.e., on (- o, 1] and also for
x > 1i.e., on (1, o).

Domain of fis (= e, 1] U (1, ) = (= o, ) = R
By (i), for all x < 1, f(x) = x!® — 1 is a polynomial and hence
continuous.

Given: fx) = {x

By (ii), for all x > 1, f(x) = x? is a polynomial and hence
continuous.
f(x) is continuous on R — {1}.
Let us examine continuity of f at the partitioning point
x =1
Left Hand Limit = lim f(x) = lim (x!® - 1) [By ()]
x—1 x— 1"

Cox—>1 = x<1)
MP-1=1=1=0

lim f(v) = lim 2 [By (if)]

Putting x = 1,
Right Hand Limit

Putting x = 1, = 12 = 1
lim f(x)# lim f(x)
x—1" x—1"
lim f(x) does not exist.
x—1

Hence the point of discontinuity is x = 1 (only).
Is the function defined by

x+5 if x<1
Fi) = {x—5 if x>1
a continuous function?
. x+5, if x<1 (@)
Given: [ = {x -5, if x>1 )

Here f(x) is defined for x < 1 i.e., on (- o, 1] and also for
x > 1ie., on (1, o)

Domain of fis (= o, 1] U (1, 0] = (= o0, o) = R.
By (i), for all x < 1, f(x) = x + 5 is a polynomial and hence
continuous.
By (ii), for all x > 1, f(x) = x — 5 is a polynomial and hence
continuous.



f is continuous on R — {1}.
Let us examine continuity at the partitioning point x =1.

Left Hand Limit = xlij?* fx) = xlilrll’ (x +5) [By ()]
Putting x = 1, =1+5=6

Right Hand Limit = xli_r}xll+ fx) = xl;rr} (x = 5) [By ()]
Putting x = 1, =1-5=-14

linll? fx) # linll+ f(x)
lirn1 f (x) does not exist.

Hence f(x) is discontinuous at x = 1.
x = 1 is the only point of discontinuity.
Discuss the continuity of the function, f, where f is defined by
3, if 0<x<1
14. f(x) = {4, if 1<x<3.
5, if 3<x<10

3, if 0<x<1 (D)
Sol. Given: flx) = {4, if 1<x<3 .. (i)
5, if 3<x<10 ...(T10)

From (1), (i) and (iii), we can see that f(x) is defined in [0, 1]
v (1, 3) u [8, 10] i.e., f(x) is defined in [0, 10].

Domain of f(x) is [0, 10].
From (i), for 0 < x < 1, f(x).=3 is a constant function and hence
is continuous for 0 < x <*1.
From (i7), for 1 < x < 3, f(x) = 4 is a constant function and hence
is continuous for 1 < x < 3.
From (iii), for 3 <'x < 10, f(x) = 5 is a constant function and
hence is continuous for 3 < x < 10.
Therefore, f(x) is continuous in the domain [0, 10] — {1, 3}.
Let us examine continuity of f at the partitioning point

x=1.
Left Hand Limit = lim f(x) = lim 3 [By (D]
x—1 x—1

o x—>1 = x<1)
Puttingx =1; =3
Right Hand Limit = lim f(x) = lim 4 [By (ii)]

x—1" x—1"

o x—=1" = x>1)

Putting x = 1, =4

Hnll, flx) # linll+ fx)



15.

Sol.

lilrn1 f(x) does not exist and hence f(x) is discontinuous at
X —

x=1.
Let us examine continuity of f at the partitioning point x = 3.
Left Hand Limit = lim f(x) = lim 4 [By (i7)]
x—3 x—>3
(rx—>3 => x<3)
Putting x = 3, =4
Right Hand Limit = lim f(x) = lim 5 [By (iii)]
x—3 x—3
o x—>3 = x>3)
Putting x = 3; =5
lim f(x)# lim f(x)
x—3 x—3"

lim f(x) does not exist and hence f(x) is discontinuous at
x—3

x = 3 also.
x =1 and x = 3 are the two points of discontinuity of the

function f in its domain [0, 10].

2x, if x<0
f@=1:0 if 0<x<1.

4x, if x>1
The domain of fis{x € R:x <0} ui{xe R:0<«x <1}
Ulxe R:x>1} =R
x = 0 and x = 1 are partitioning points for the domain of this
function.
For all x < 0, f(x) = 2x is.a polynomial and hence continuous.
For 0 <x <1, f (x) =0 is a constant function and hence
continuous.
For all x > 1, f(x) = 4x is a polynomial and hence continuous.
Let us discuss continuity at partitioning point x = 0.
Atx=0,f(0)=0 [ flx)=0if 0 <x < 1]

lim f(x)= lim 2x['"x - 0 = x <0 and f(x) = 2x for x < 0]
x—0" x—0"

=2x0=0
xli_}n(} f(x) = xli_)n(} O x—>0"=x>0and fx) =0if 0 <x < 1]
=0
v lim f(x)= lim fx) =0
x—0" x—0"
Thus lin}) f(x) = 0 = f(0) and hence f is continuous at 0.

Let us discuss continuity at partitioning point x = 1.
Atx=1,f(1)=0 [ fx)=0if 0 <x < 1]



lim f(x) = linllfo [x >1-=x<land f(x) =0if 0 <x < 1]
x—1 x—

=0
linll+f(x)= 1iIr11+ 4x [x - 1+ = x> 1 and f(x) = 4x for x > 1]

=4x1=4
The left and right hand limits of f at x = 1 do not coincide i.e.,
are not equal.
lim1 f(x) does not exist and hence f(x) is
x—

discontinuous at x = 1.

Thus f is continuous at every point in the domain except x = 1.
Hence, f is not a continuous function and x = 1 is the only point
of discontinuity.

-2, if x<-1

16. f(x) = 2%, if -1l<x<1,

Sol.

2, if x>1

-2, if x<=1 (@)
Given: flx) = 12x, if -1<x<1 ...(in)
2, if x>1 .(@iD)
From (7), (ii) and (iit) we can see that f(x) is defined for
x:x<-1TJulx:—-1l<axslbulx:x>1}

ie., for (—oo, —1] U (=1, 1] U (1, ®) = (= o, =) = R

Domain of f(x) is R.
From (i), for x < — 1, f(x) = — 2 is a constant function and hence
is continuous for x < — 1.
From (ii), for — 1 < x < 1, f(x) = 2x is a polynomial function and
hence is continuous for — 1 < x < 1.
From (ii1), for x > 1, f(x) = 2 is a constant function and hence is
continuous for x > 1.
Therefore f(x) is continuous in R — {- 1, 1}.
Let us examine continuity of f at the partitioning
point x = - 1.
Left Hand Limit = lim f() = lim (-2) [By ()]

x—-1" x—-1"

(o x—>-1 = x<-1)

Puttingx = -1, =-2
Right Hand Limit = lim f(x) = lim 2x By @)]
x—-1 x—-1

(Fx—>-1" > x>-1)
Puttingx = -1, =2(-1)=-2
lim1 f@)= lim [ (=-2) . lim1 f(x) exists and = — 2.
x—>-1 x—-1" x— -

Puttingx = - 11in (), f(- 1) = -2



17.

Sol.

18.

lim1 fx) =f(=1) (=-2) .. f(x)is continuous at x = — 1.

x——
Let us examine continuity of f at the partitioning point x =1
Left Hand Limit = lim f(x) = lim (2x) [By (ii)]
x—>1" x—>1
(o x>1 = x<1)
Putting x =1, =2(1)=2
Right Hand Limit = lim f(x) = lim 2 [By (i1)]
x—1" x—1"

(o x—>1" = x>1)
Puttingx =1, =2

hnll, fx) = linl{ fx) =2) . lim1 f(x) exists and = 2.
Putting x = 1 in (1), f(1) = 2(1) = 2
lirn1 fx)=f(1)(=2) .. f(x) is continuous at x = 1 also.

Therefore f is continuous for all x in its domain R.

Find the relationship between a and b so that the function
f defined by

fx) = ax +1, %f x<3
bx+3, if x>3
is continuous at x = 3.
A 3 .
Given: f) = ax+1 ¥f x<3 (l)
bx+3 if x>3 (7))
and f(x) is continuous at x = 3.
Left Hand Limit = 1i11317 flx)= ling (ax + 1) [By ()]
Ko x—3
x—>3 = x<3)
Putting x = 3, =3a +1 ..(ii0)
Right Hand Limit = - lim [(x) = 1i1131 (bx + 3) [By (ii)]
x—3 x—3
(o x—3" = x>3)
Putting x = 3, =3b + 3 ...(iv)
Putting x = 3 in (7), f(3) = 3a + 1 ..(v)

Because f(x) is continuous at x = 3 (given)
lim f(x) = lim f(x) =/f(3)
x—3 x—3"

Putting values from (iii), (iv) and (v) we have
3¢ +1=3b+3 (=3a+1)

3a +1=3b+3 [ First and third members are equal]
= 3a =3b + 2

Dividing by 3, a = b + g

For what value of A is the function defined by

f@) = MxZ-2x), if x<0
v = 4x +1, if x>0



Sol.

19.

Sol.

continuous at x = 0? What about continuity at x = 1?

N _Jaa?-20), if x<0 (D)
Given: Fle) = { 4x+1,  if x>0 (i)
Given: f(x) is continuous at x = 0. To find A.

Left Hand Limit = lim f(x)= lim AG2 - 2x) [By ()]
x—0 x—0
(m x>0 = x<0)
M0-0)=0
lin& fx) = lin(}+ (4 + 1) [By G)]

Putting x = 0,
Right Hand Limit

. x>0 = x>0
Putting x = 0, =40)+1=1

Iim f) (=0 # lim f() (=1
x—0" x—0"
lir% f(x) does not exist whatever A may be

(.- Neither left limit nor right limit involves A)
For no value of A, f is continuous at x = 0.
To examine continuity of fat x =1
Left Hand Limit = lim f(x) = lim (4x + 1) [By (1)l
x—1" x—1"
(x> 1 = «xisslightly < 1sayx =0.99 > 0)
Putx=1, =4+1=5
Right Hand Limit = lim f(x) = lim (4x + 1) [By (i)]
x> 1" x—1"

(x - 1* = '« is slightly > 1 say x = 1.1 > 0)

Put x =1, =4+1=5
lim f(x)= lim f(x) (=5)
x—1" x—>1"

lim1 f(x) exists and = 5
X —

Puttingx =1in G) (- 1>0), f(1) =4 +1=25)
}1201 f)=FfQ) (=5

f(x) is continuous at x = 1 (for all real values of A).
Show that the function defined by g(x) = x - [x] is
discontinuous at all integral points. Here [x] denotes the
greatest integer less than or equal to x.
Given: g(x) = x — [x]
Let x = ¢ be any integer (i.e., c € Z (=1)

Left Hand Limit = lim g(x) = lim (x — [x])

x—c xXx—c
Put x=c—-h, h - 0" <—
= lim (¢c-h—-1[c-h) c—1c—h c
h—0"



20.
Sol.

hliﬂ(; (c—h-(-1)
[+ Ifce Zand h — 0%, then [c — h] = ¢ — 1]
= lim c-h-c+1)= lim (1-h)
h—0" h—0*
Puth=0,=1—0=1

Right Hand Limit = lim g) = lim (x — [x])

x—c’ x—c
Putx=c+h, h - 0F
= lim (c+h-1[c+h)]) = lim (c+h -0
h—0" h—0"
(. Ifce Zand h — 0%, then [c + h] = ¢)
h—0"
Put A = 0; =0 <«
: . *r—— 9
11m7 g(x) * llIII+ g(x) c c+h c+1

lim g(x) does not exist and hence g(x) is discontinuous at
xX—c

x = ¢ (any integer).
g(x) = x — [x] is discontinuous at all integral points.
Very Important Note. If two functions /' and g are continuous in
a common domain D,
then ) f+ g (i) f — g (iit) fg are continuous in the same domain D.

(iv) ! is also continuous at all points of D except those where

g
glx) = 0.
Is the function f(x) = x% = sin x + 5 continuous at x = nt?
Given: f(x) = x> —sin x '+ 5 = (x®> + 5) — sin x

= glx) — hlx) (D)

where g(x) = 22 + 5 and h(x) = sin x
We know that g(x) = 2 + 5 is a polynomial function and hence is
continuous (for all real x)
Again h(x) = sin x being a sine function is continuous (for all real x)

By (i) f(x) = x> —sin x + 5 = g(x) — h(x)
being the difference of two continuous functions is also continuous
for all real x (see Note above) and hence continuous at x = n(e R)
also.

Or
Given: f(x) = x> —sinx + 5 (@)
To examine continuity at x =
lim f(x) = lim (x® —sin x + 5) [By ()]
X—n X—T

n’—sinm+5

Putting x = =,



21.

Sol.

22.

Sol.

=n’+5
[ sin m = sin 180° = sin (180° — 0°) = sin 0° = 0]
Again putting x = nin (), fm) =n® —sinn + 5
=m®-0+5=n+5

lim f@ = fm

f(x) is continuous at x = m.
Discuss the continuity of the following functions:
(a) f(x) = sin x + cos x b) f(x) = sin x — cos x
(¢) f(x) = sin x . cos x.
We know that sin x is a continuous function for all real x
Also we know that cos x is a continuous function for all real x
(see solution of Q. No. 22(i) below)
By Note at the end of solution of Q. No. 19,
(i) their sum function f(x) = sin x + cos x is also continuous
for all real x.
(i1) their difference function f(x) = sin x — cos x is also
continuous for all real x.
(i11) their product function f(x) = sin x . cos x is-also continuous
for all real x.

Note. To find lim f(x), we can also start with putting x = ¢ + A
xXxX—cC

where &~ — 0 (and not only 2 — 0%)
lim fx) = lim f(c + h).
x—c h—0

(Please note that this method of finding the limits makes us find
both lim f(x) and lim+ f (x) simultaneously).

x—c x—c
Discuss the continuity of the cosine, cosecant, secant and
cotangent functions.
(i) Let f(x) be the cosine function
ie., f(x) = cos x L@
Clearly, f(x) is real and finite for all real values of
x i.e., [(x)is defined for all real x. Therefore domain of

f(x) is R.
Let x=ce R
lim f(x) = lim cos x
XxX—cC X—cC

Put x =c + h where h — 0

=lim cos(c+h) = lim (cos c cos h — sin ¢ sin h)
h—0 h—0

Putting & = 0, cos ¢ cos 0 — sin ¢ sin 0
cos ¢ (1) — sin ¢ (0)

Cos ¢

lim f(x) =cosc



(i1)

(iii)

@v)

Putting x = ¢ in (7), f(c) = cos ¢
lim f(x) = f(c) (= cos ¢)

f(x) is continuous at (every) x = c € R
f(x) = cos x is continuous on R.
Let f(x) be cosecant function
1

sin x

i.e., f(x) = cosecx =

f(x) is not finite i.e., — oo
when sin x =0 ie, whenx =nn ne Z
Domain of f(x) = cosec x is D = R — {x = nm; n € Z}.
(" f(x) is real and finite ¥ x € D).
1w
sinx A
Now g(x) = 1 being constant function is continuous on

domain D and A(x) = sin x is non-zero and continuous on
Domain D.

(D)

Now f(x) = cosec x =

: __ L _sgw)
Therefore by (i), f(x) = cosec x sin x. h(x) |8 continuous

on domain D =R - {x = nm, n € Z}
(Also read Note at the end of solution of Q. No. 19).
Let f(x) be the secant function

1
ie,f(x) = sec x = —— f(x) is not finite i.e., — oo
cos x

oL
When cos x =0 i.e, whenx =02n + 1) 9y NE Z.

Domain of f(x) = sec x is
m
D=R-{x=@n+1) 9N E A

1 _ sl
cos x h(x)
Now g(x) = 1 being constant function is continuous on

domain D and A(x) = cos x is non-zero and continuous on
domain D.

(D)

Now f(x) = sec x =

Therefore by (i), f(x) = sec x [: 1 _g(x)] is continuous

cosx  h(x)
ondomain D=R-{x:x=2n +1) g;ne VAR

Let f(x) be the cotangent function i.e., f(x) = cot x = cosx

. o sin x
f(x) is not finite i.e., — oo



When sin x = 0 i.e, whenx =nnmne Z
Domain of f(x) = cot x is
D=R-{x=nmneZ}
cosx  glx)
sinx  h(x)
Now g(x) = cos x being cosine function is continuous on D
and is non-zero on D.

Now f(x) = cot x = (D)

Therefore by (i), f(x) = cot x | = c?sx =&
sinx h(x)

ondomain D =R - {x :x =nm, n € Z}.
23. Find all points of discontinuity of f, where

] is continuous

sin x
fx) = x
x+1, if x>0
Sol. The domainof f={xe R:x<0luifxe R:x>0}=R
x = 0 is the partitioning point of the domain of the given function.

, if x<0

sin x

For all x < 0, f(x) = (given)

Since sin x and x are continuous for x < .0 (in fact, they are
continuous for all x) and x # 0

. [ is continuous when x < 0

For all x > 0, f(x) = x + 1 is a polynomial and hence continuous.
*. f is continuous when x > 0.

Let us discuss the continuity of f(x) at the partitioning
point x = 0.

Atx=0,f(0) =0+ 1=1 [ f(x) =x + 1 for x > 0]
lim fGo) = dm sin x
x—0" x— 0" X
[ x50 = x<0andf(x)=smxforx<0}
=1
lim f(x)= lim (x + 1)
x—0" x—0"
[ x—0" = x>0andf(x):x+1forx>0]
=0+1=1
Since lim f(= lim fGo =1 - lim f@) =1

Thus lim f(x) = f(0) and hence f is continuous at x = 1.
x—0

Now [ is continuous at every point in its domain and hence f is
a continuous function.



24.

Sol.

25.

Sol.

Determine if f defined by
x? sinl, if x#0

f(x) = X
0, if x=0

is a continuous function?

For all x # 0, f(x) = 22 sin 1 being the product function of two
x

continuous functions x? (polynomial function) and sin 1 (a sine

x
function) is continuous for all real x # 0.
Now let us examine continuity at x = 0.
. . 9 . 1
lim f() = lim x“sin —
x—0 x—0 X
Putting x = 0 = 0 x A finite quantity between — 1 and 1 = 0

[ sin 1 (= sin 0) always lies between — 1 and 1}
x

Also flx) =0atx=01ie, f(0)=0
lim f(x) = f(0), therefore function f is continuous at
x—0
x = 0 (also).

Hence f(x) continuous on domain R of f.
Examine the continuity of f, where f is defined by

) sinx-cosx, if x#0

&F -1, if x=0

Gi sinx—cosx if x#0 (D)
tven: flx) = -1 if x=0 .(Gid)

From (i), f(x) is defined for x # 0 and from (ii) f(x) is defined
for x = 0.

. Domain of f(x) is {x : x # 0} U {0} = R.

From (i), for x # 0, f(x) = sin x — cos x being the difference of two
continuous functions sin x and cos x is continuous for all x # 0.
Hence f(x) is continuous on R — {0}.

Now let us examine continuity at x = 0.

lir% flx) = lin%) (sin x — cos x)

[By (i) as x — 0 means x # 0]

Putting x = 0, =sin0—-cos0=0-1=-1
From (i7) f(x) =—1whenx =0
ie., f0) =-1

%ii% fl) =f0)(=-1)

f(x) is continuous at x = 0 (also).



Hence f(x) is continuous on domain R of f.
Find the values of k so that the function f is continuous at the
indicated point in Exercises 26 to 29.

kcosx . T
—ox if x;&é o
26. fx)=1" ata=_.
3, if x="
2
k cos x

Sol. Left Hand Limit = lim f(x) = lim
x_% PN g T — 2x

Putx:%—hwhereh%O+

T
kcos| ——h .
- lim J_jz L

B0 _Z(Z_h) h>0" T—T+2h

. ksin h k . sinh & k .

= Jim = 5 x lim S M = (i)
h—0* 2h 2 =0t 2 2
Right Hand Limit = lim, f(o = lim %05
=3 Too M- 2x

Put x = E + h where h — 07

{n ]
k cos §+h i —ksinh . —ksinh
= lim = lim ————~

T hso o™, h—>o* n-m—-2h ko0 —2h
2
_k i sin A _ k _ k ..
2 X hg% n 5 x 1 2 ..(@)
b T, .
Also f(Z) =3 ..(n) v f(x) =3 when x = 5 (given)

Because f(x) is continuous at x = g (given)

- lim o f) = lim £ () =f(12r]
x%% Xﬁ%

Putting values from (i), (ii), and (i), g =3 or k=6



27.

Sol.

28.

Sol.

29.

Sol.

2 .
f) = kx®, if x<2 atx=2.
3, if x>2
2 .
Given: fly = [ if x<2
3, if x>2

Given: f(x) is continuous at x = 2.
Left Hand Limit = lim f(x) = lim fx?
x—27 x—27

..(@)
..(10)

[By ()]

(. x—>2 = xis<2)

Put x = 2, = k(2)% = 4k
Right Hand Limit = lim f(x) = lim 3
x—2" x—2"
¢ x—2F
Putting x = =3
Putting x = 2 in () £(2) = k(2)?
Because f(x) is continuous at x

2,
2 4k.
2 (given),

therefore liHZ{ fx) = lim fx) =f(©2)
x— x—2"

Putting values, 44 =3 =3 = k= %
kx+1, if x<n=m

. atx=m.
cosx, if x>mn

fx) = {
kx+1, if x<xu
cosx, if x>m
Given: f(x) is continuous at x = m.

Left Hand Limit = lim f(x). = lim (kx + 1)

Xm0 x—>T

Given: fx) = {

o x>

Putting x =n, =kn+1
Right Hand Limit = lim f(x) = lim cos x
Xom x—-mt
(o x—->nt
Putting x =, = cos m = cos 180° = cos (180° — 0)
=-cos 0=-1

Putting x = win (i), f(n) = kn + 1
But f(x) is continuous at x = © (given), therefore

lim fx) = lim+ fx) = f(m)

X—>T X—0

Putting values kn + 1 = -1 =Fkn + 1

[By ()]

= x> 2)

(D)
72

[By ()]

= x<m

[By ()]

= x>mn)

= kn+1=-1[." First and third members are same]

= kn=—2=>k=—g.
i

kx+1, if x<5

. atx=5.
3x -5, if x>5

f(x)={

kx+1 if x<5

Gi : =
ven [ {3x—5 if x>5

..(2)
7))
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Given: f(x) is continuous at x = 5.
Left Hand Limit = lim f(x) = lim (kx + 1) [By ()]
x—5 x—5
Putting x =5, =k(5B)+1 =5k +1
Right Hand Limit = lim f(x) = lim (3x — 5) [By (i)l
x—5" x—5"
Puttingx =5, =305)-5 =15 -5 =10
Putting x = 5 in (i), f(5) =5k +1
But f(x) is continuous at x = 5 (given)
lim f(x) = lim f(x) = f(5)
x—5 x—5"
Putting values 52 + 1 = 10 =5k +1
= bk+1=10 = b5k=9 = k-%.
30. Find the values of a and b such that the function defined
by
5, if x<2
fx) = Jax+b, if 2<x<10.
21, if x210
is a continuous function.
5 if x<2 (@)
Sol. Given: fx) = tax+b if 2<x<10 ...(i1)

21 if x =10

...(iii)

From (i), (iz) and (iii), f(x) is defined for {x < 2} U {2 < x < 10}
U {x = 10} i.e., for (= oo, 2] U (2, 10) U [10, =) i.e., for (= o, =) i.e.,

on R. .. Domain of f(x) is R.

Given: f(x) is a continuous function (of course on its domain here
R), therefore f(x) is also continuous at partitioning points x = 2

and x = 10 of the domain.

Because f(x) is continuous at partitioning point x = 2, therefore

1111217 flx) = 1i1121+ fx) =f(2)

Now lim f(x) = lim 5
x—27 x—2

..(Iv)

[By ()]

(x> 2 = x<2)

Putting x =2, =5
Again lim f(x) = lim (ax + b)
x—2" x—2"

[By (2)]

(x> 2" = x>2)

Putting x =2, =2a +5b

Putting x = 2 in (i), f(2) = 5.

Putting these values in eqn. (iv), we have
5=2a+b=5 = 22a+b=5

(V)



Again because f(x) is continuous at partitioning point x = 10,

therefore lim f(x)= lim f(x)=f(10) ...(v)
x—10" x—10"
Now lim f(x)= lim (ax + b) [By (ii)]
x—10" x—10"

x—> 100 = x<10)
Putting x = 10, = 10a + b

Again lim f(x) lim 21 [By (iii)]

x—10" x—10"

x> 10" = x> 10)
Putting x = 10; =21
Putting x = 10 in Eqn. (zi7), £ (10) = 21
Putting these values in eqn. (vi), we have
10a + b =21 = 21
= 10a + b = 21 ...(vii)
Let us solve eqns. (v) and (vii) for a and b.

Eqn. (vii) — eqn. (v) gives 8a = 16 = a = % =2
Puttinga =2in (v),4+b=5 .. b=1.
: a=2b=1.

Very Important Result: Composite function of two continuous
functions is continuous.

31.

Sol.

32.

Sol.

We know by definition that ( fog)x = f (g(x))
and (gof)x = g(f(x))
Show that the function defined by f(x) = cos (x?) is a
continuous function.
Given: f(x) = cos (x?) (D)
f(x) has a real and finite value for all x € R.
Domain of f(x) is R.
Let us take g (x) = cos'x and A(x) = x>
Now g(x) = cos x is a cosine function and hence is continuous.
Again h(x) = x? is a polynomial function and hence is continuous.
(goh)x = g(h(x)) = g(x?) [ hkx) = &%
= cos (x?) (Changing x to x2 in g(x) = cos x)
= f(x) (By (i)) being the composite function of two
continuous functions is continuous for all x in
domain R.
Or
Take g(x) =x> and h(x) = cos x.
Then (hog)x = h( g(x)) = h(x?)
= cos (x®) = f(x).
Show that the function defined by f(x) = |cos x| is a
continuous function.
f(x) =] cos x | ()]
f(x) has a real and finite value for all x € R.
Domain of f(x) is R.



33.
Sol.

34.

Sol.

Let us take g(x) = cos x and A(x) = | x |

We know that g(x) and A(x) being cosine function and modulus
function are continuous for all real x.

Now (goh)x = g(h(x)) = g(| x |) = cos | x | being the composite
function of two continuous functions is continuous (but # f(x))

Again (hog)x = h(g(x)) = h(cos x)

=|cos x| =f(x) [By ()]
[Changing x to cos x in A(x) = | x |, we have A(cos x) = | cos x |]
Therefore f(x) = | cos x | (= (hog)x) being the composite function

of two continuous functions is continuous.
Examine that sin | x | is a continuous function.
Let f(x) = sin x and g(x) = | x |
We know that sin x and | x | are continuous functions.
- f and g are continuous.
Now  (fog) (x) = f{g(x)} = sin {g(x)} = sin | x |
We know that composite function of two continuous functions is
continuous.
. fog is continuous. Hence, sin | x| is continuous.
Find all points of discontinuity of f defined by
f@W=|lx]|-|x+1].
Given: f@=]x|-]x+1| (1)
This f(x) is real and finite for every x € R.
f is defined for all x € R i.e., domain of f is R.
Putting each expression within modulus equal to 0

e, x=0 and x+1=0 e, x=0 and x=-1.
O O
— -1 0 0

Marking these values of x namely — 1 and 0 (in proper ascending
order) on the number line, domain R of f is divided into three
sub-intervals (— =, — 1], [- 1, 0] and [0, ).

On the sub-interval (-, —1] i.e., for x < -1, (say for x = — 2 etc.)
x < 0 and (x + 1) is also < 0 and therefore
|x|=—xand |[x +1|=—-(x + 1)
Hence (i) becomes f(x) = | x| —|x + 1|
=—x-(@+1))=-x+x+1
ie, fx)=1 for x<-1 L@@

-1
On the sub-interval [- 1, 0] ie,for —1<x<0 (say for x =2]

x < 0 and (x + 1) > 0 and therefore | x | — x and | x + 1 |
=x+ 1.
Hence (i) becomes f(x) = | x| -] x + 1|

—x—@+1D=-x-x-1



=-2x -1
ie, flx)=—2x—-1 for —1<x<0 (7))
On the sub-interval [0, «) i.e., for x > 0,
x > 0 and also x + 1 > 0 and therefore

x| =xand |[x+1|=x+1
Hence (i) becomes f(x) = |x |- |x+ 1| =x—(x + 1)
=x-x—-1=-1
ie., fx)=—1 for x>0 ...(iv)

From (i7), for x < — 1, f(x) = 1 is a constant function and hence is
continuous for x < — 1.
From (iii), for — 1 < x < 0, f(x) = — 2x — 1 is a polynomial
function and hence is continuous for —1 <x < 0.
From (iv), for x > 0, f(x) = — 1 is a constant function and hence is
continuous for x > 0.

f is continuous in R — {— 1, 0}.
Let us examine continuity of f at partitioning point
x=-1.

lim  f(x) = lim 1 [By (i2)]

x—-1"
(x> -1 = x<-1)
Puttingx =-1,=1
lim f(x)= lim (-2x—-1) (By (iii))
x—-1" x-1"

(o x—=>-1" =5 x>-1)
Putting = —4l, = RE1D-1=2-1=1

lirn1 f@)= "lim f) (=1
x—-1" x—-1"
liIr_l1 f(x) exists and = 1.
Putting x =—11in (i) or (ii7), f(- 1) =1
xlin_ll f@) =f1D (=1
f is continuous at x = — 1 also.

Let us examine continuity of f at partitioning point
x=0.

lingf flo = 111137 (—2x - 1) (By (@i1))
(- x>0 = x<0)

Putting x=0,=-20-1=-1
Jim feo = lim - 1) [By (iv)]

(. 20" = x>0)



Putting x =0,=-1 = lim f(x) = x£€+ &) (=-1)

x>0
lim f(x) exists and = — 1
x—0
Putting x = 0 in (iii) or (iv), f(0) = -1

lin}) fl) =f0)(=-1)

[ is continuous at x =0 also.

f is continuous on the domain R.

There is no point of discontinuity.
Second Solution
We know that every modulus function is continuous for all real x.
Therefore |x| and Ix + 11 are continuous for all real x.
Also, we know that difference of two continuous functions is
continuous.

fx) = lxl — lx + 11 is also continuous for all real x.
There is no point of discontinuity.





