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NCERT Class 12 Maths

Solutions

Chapter -4

Determinants

Exercise 4.2
Using the properties of determinants and without expanding in

Exercises 1 to 5, prove that:
X a x+a
y b y+b
z2 ¢ z+c¢

= 0.

1.

x a x+a
y b y+bd
z ¢ z+ec

Sol. On , operate C; — C; + Cy
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x+a a x+a
=|y+b b y+b| =0. (. C;and Cy are identical)

zZ+c c zZ+c

a-b b-c¢ c-a
2. |b-¢ c¢c-a a-b|=0
c-a a-b b-c¢
a-b b-c c-a
Sol. On |[p—¢ c¢-a a-b|,operate C; > C; + Cy + C4
c—a a-b b-c

a-b+b-c+c-a b-c c-a 0 b—c c—-a
=|b-c+c-a+a-b c¢c—-a a-b|=|0 c-a a-b|=0.
c—-a+a-b+b-¢c a-b b-c 0 a-b b-

(*.©  All entries of one column here first are zero)

Note: The reader can do the above problem by operating
R; - R; + Ry + Ry also.

2 7 65
3. |3 8 75| =0.
5 9 86
2 7 65 2 7 63
Sol. On |3 8 75|, operate C3 > C3—-C; =3 8 172
5 9 86 5 9 81
2 7 7
Taking 9 common from third column =9 |3 8 8| =9(0) = 0.
5 9 9

[Because two columns (one and three) are identical]
1 be a(b+c)
4. |1 ca blc+a)| =0
1 ab c(a+db)
be  ab+c) 1 bc ab+ac
ca blc+ta)|=|1 ca bec+ba

1
Sol. The given determinant is |1
1 ab cla+d) 1 ab ac+bc
1
1

bc ab+bc+ac
ca ab+bc+ac
1 ab ab+bc+ac
Taking (ab + bc + ac) common from Cg,
1 bc 1
=(ab +bc+ac) |1l ca 1
1 ab 1

Operate C3 —» C35 + C,, =



=(ab + bc + ac) 0 = 0. (. Cy and C4 are identical)

b+c q+r y+z a p «x
5. |c+a r+p z+x|=2/b q y|.
a+b p+q x+y c r =z

b+c q+r y+z
Sol. LHS.=|c+a r+p =z+x
a+b p+q x+y

Operate R; > R; + Ry + Ry

b+tc+ct+ta+a+b q+r+r+p+p+q y+z+z+x+x+y

= c+a r+p zZ+x
a+b p+q x+y
2a+b+c) 2p+qg+r) 2x+y+2)
= c+a r+p zZ+x
a+b p+q x+y

Taking 2 common from R,

a+b+c p+g+r x+y+z
=9 ct+a r+p zZ+x
a+b p+q Titsy

Operate R; - R; — Ry (to get single letter entries as required in
the determinant on R.H.S.)
b q y
=92 |c+a r+p z+«
a+b p+q x+y
Now operate R; — Ry — R; (to get single letter entries as
required in the determinant on R.H.S.)
b q y
=2 |c+a r+p z+x

a p x

Now operate R, — Ry — R; (objective being same as in the above
two operations)

b
=2

"N Q
KR N

N TR
N8R

b
Interchanging Ry, and R;, = -2 | @
c

Interchanging R; and R,



Sol.

Sol.

a p
=-(-2)|b q
C r

X
y| = RH.S.

a
=2 b
c z

n Lk R
N QR

By using properties of determinants, in Exercise 6 to 14,
show that:

0 a -b
-a 0 -c| =0
b ¢ 0
0 a -b
LetA=|-a 0 -c¢ (1)
b ¢ 0
Taking (1) common from each row, we have
0 -a b
A=(—1)3 a 0 ¢
-b -c¢ O
Interchanging rows and columns in the determinant on R.H.S,,
0 a -0
A=-|-a 0 -c (o =1P=-1
b ¢ 0
= A=-A (By @)
Shifting — A from R.H.S. to LH.S.;, A+ A=0o0r 2A =0
h §
2

Note. 1. We can also do this question by taking (- 1) common
from each column.

2. When you are asked to prove that a determinant is equal to
zero or two determinants are equal, then it is to be proved so
only without expanding.

3. It may be remarked that the determinant of Q. No. 6 above is
determinant of a skew symmetric matrix of order 3.

— a2 ab ac
ba -b> be | =4a’b3
ca cb _ o2

— az ab ac
LHS. = | ba -b* bc
ca cb  _ 2

Taking a, b, ¢ common from R,;, Ry, R; respectively,



-a b c
= abc a -b c
a b -c

Operate R; —» R; + Ry (to create two zeros in a line (here first

TOW))
0 0 2c
=abc |a -b c
a b -c

Expanding along first row (.- There are two zeros in it)

a -b
a

= abe . 2¢ . 2ab = 4a®b?* = R.H.S.
Note. Whenever we are asked to find the value of a determinant

by using “Properties of Determinants”, we must create two zeros
in a line (Row or Column).

= abc . 2¢ = abc . 2¢ (ab + ab)

1 a a®
8. @W)|1 b b%| =(a-b)b-c)c-a)
1 C cz

i) | a b ¢ | =(@a-b)b-c)c-a)(a+b+c).

1 a @
Sol. () LHS. =|1 b b°
1l 4O (2

Operating Ry > Ry — R; and R; —» R; — R;

1 a @ 1 a a®
=11 b b =|0 b-a b -d
1 ¢ (2 0 c-a 2_42

Expanding along first column

b-a) b-a)b+a)
(c—a) (c—a)lc+a)

b-a b%2-d®

c—a CZ—GZ

=1

Taking out (b — a) common from first row and (¢ — a)
common from second row



(@7)

N e K

1 b+a
1 c+a

=b —-—a)c—a)e+a-b—-a)=(b -a)c—a)c-b)
=—(a—-b)c—-a)-(b~-c)=(a-bbd-c)-a)
Remark. For expanding a determinant of order 3 we should
make all entries except one entry of a row or column as zeros
(i.e., we should make two entries as zeros) and then expand
the determinant along this row or column. For doing so, the
ideal situation is that all entries of a row or column are 1
each.
If each entry of a column is 1, then, to create two zeros,
subtract first row from each of the remaining two rows.
If each entry of a row is 1, then to create two zeros, subtract
first column from each of the remaining two columns.

1 1 1
LHS.=|a b ¢
ad b B
Here all entries of a row are 1 each.

So operate C;, — C, — C;, C3 — C3 — C; (to creat two zeros in
a line (here first row))

=0 -a)c-a)

1 0 0
=| a b-a c-a
a® b -a® P-4
b-a c—a
Expanding along first row, = 1 B _gd gl

(Forming factors)
b-a) (c—-a)
Tl +a®+ab) (c-a)c®+a’+ac)

Taking (b — a) common from C; and (¢ — @) common from C,,

1

b2 +a®+ab 2 +a?+ac

b -a)e —a) @ +a®+ac—-b%-a%-ab)
b - a)e — a)c® — b2 + ac — ab)

(b —a)c —a) [(c =b)c + b) +alc —b)]

b —-a)e—-a)ec—->b)ec +b+a)
—(a-blc—a)[-bB-0c)]l(a+b+c)

(a =b)b-c)c—a)a +b +c)=RH.S.

= (b -a)c - a)

[
2
[\

ZX | = (x - y)(y —2)(z - x)(xy + yz + 2x).
xy

N R
o



Sol.

.')CZ yz
LHS. = y: o
Z

N R

2 xy

Multiplying R;, Ry, R; by «, y, z respectively (to make each entry
of third column same here (xyz))
P xyz

=L ¥y xyz

xyz
Y 2 B8 xyz

x* 2P 1 22 xB
. Xyz 2 3 2 3
Taking xyz common from Cg, =—— | Y Y 1i_ |y

Now all entries of a column are same. So operate R, > Ry — R,
R; — R; — R, to create two zeros in a column.

1
_ y2_x2 y3_x3 0
0

2 3

v -xt Y-

242 B_,8

Expanding along third column = 1

(y-aly+x)  (y—2)y*+x%+xy)

(Forming factors) =
(z=2)0z+%)  (z-x)2%+x%+2x)

Taking (y — x) common from R; and (z —x) common from R,

( )( ) y X y X xy
= y —x)z —x
2 x 25+ x" +z2x

=(y—20z -2 [(y + 0% + 2% + 2x) — @ + ) + 2% +xy)]

=(y -0z —x) [y22 + yx® + xyz + 222 + «° + x%2

3 _ x2y]

—zy? —zx® —xyz —xy? — x
=(y — 2z —x) [y22 — z2y% + x2® — xy?]
=(y -2z —x) [yz(z - 3) + x(2% - y?)]
=(y -2z -2 [yz(z —y) + x(z — y)z + y)]
(y —x)z —x)z —y) [yz + x(z + y)]
— @ =-yz -2 [-(y—2)] @z +xz + xy)
(x —y)y —2)(z — x)xy + yz + zx) = R.H.S.



x+4 2x 2x
10. G) | 2x x+4 2x | = (5x + 494 - x)2
2x 2x x+4
y+k y y
@G | vy y+tk ¥y | =KX 3y + k).
y y y+k

x+4 2x 2x
Sol. (7 LHS. = | 2x x+4 2x
2x 2x x+4

Here sum of entries of each column is same (= 5x + 4), so
let us operate R; - R; + Ry, + R3 to make all entries of
first row equal (= 5x + 4).

5x+4 bx+4 bx+4

= 2x x+4 2x
2x 2x x+4
Taking (5x + 4) common from R,
1 1 1

=bBx+4) |2x x+4 2x
Vi 2x x+4

Now each entry of one (here first) row is 1, so let us
operate Cy —» C, — C; and C3 —» C5 — C; to create two
Zeros in a zero.

1 0 0
=Gx +4) |[2x 4-x 0
2x 0 4-x
Expanding along first row
4-x 0
0 4-x
= (5x + 494 - x)* = RH.S.
Remark. We could also start here by operating
C; > C; + Cy + Cs.

=(Bx+4) .1

y+k y y
Gi) LHS. =| v y+k y
y y y+k

Here sum of entries of each row is same (= 3y + k), so let
us operate C; — C; + C, + C5 to make all entries of first
column equal (= 3y + k)



3y+k y y
=|3y+k y+k y
3y+k y y+k
Taking (3y + k) common from C,,
1y y
=@y +k |1 y+k y
1 y y+k

Now each entry of one (here first) column is 1, so let us
operate Ry - Ry — R; and R; —» R3 — R; to create two
zeros in a column,

1
=By +k) |0
0

[=I S

y
0
k

Expanding along first column, = (3y + k&) . 1 0 k

= (3y + k)k? = k*(3y + k) = R.HLS.
Remark. We could also start here by operating
R, > R; + Ry + Rs.

a-b-c¢ 2a 2a
2b b-c-a 2b =(a+b+c)3,
2¢ 2¢ c-a->b
xX+y+2z x y
z y+2z+2x y =2x +y+ 2)°.
z x zZ+x+ 2y
a—-b-c 2a 2a
LHS. = 2b b-c-a 2b
2¢ 2c c—a-b

Here sum of entries of each column is same
(=a + b +c), so let us operate R, > R; + R, + R3 to
make all entries of first row equal (=a + b + ¢)

at+tb+c a+b+c a+b+c

= 2b b-c-a 2b

2¢ 2¢ c—a-b>
Taking (@ + b + ¢) common from R,
1 1 1
=(@+b+c) |20 b-c—-a 2b
2c 2¢ c—a-b

Now each entry of one (here first) row is 1, so let us



operate Cy - C4 — C; and C3 — C5 — C; to create two
Zeros in a row,

1 0 0
=(a+b+c) 26 -b-c—-a 0
2¢ 0 -c—a-b
Expanding along first row
-b-c-a 0
= b 1.
(@a+b+c0) 0 Ce—a-b

=(a+b+c)[(-b-c—a)(—c—-a-D>b)]
=(a+b+c)=)b+c+a)(-) (c+a+b)
=(a@a+b+c’=RHS.
Remark. Here we can’t operate C; — C; + Cy + C3 because
sum of entries of each row is not same.

x+y+2z x y
(@) LH.S.= z y+z+2x y
z x z+x+2y

Here sum of entries of each row is same (= 2x + 2y + 2z =
2(x + y + 2)), so let us operate C; - C; + C, + C5 to
make all entries of first column equal (= 2(x + y + 2))

2x+y+2) x y
=|2x+y+2) y+z+2x y
2x+y+2) x z+x+2y
Taking 2(x + y + z) common from C,,
N x y
=2x+y+2) |1 y+tz+2x y
1 x z+x+2y

Now each entry of one (here first) column is 1, so let us
operate Ry > Ry — R; and R; — R3 — R; to create two
zeros in a column

1 x y
=2c+y+2) |0 x+y+z 0
0 0 xX+y+z
Expanding along first column
=2x+y+2).1. xry+z 0
0 xX+y+z

=2 +y+2) [(x+y+272%-0]
=2x +y +2)°=RHS.

12. (22 1 x| =1 =252



Sol.

13.

Sol.

1 x &
LHS. = [2* 1 «x

X x2 1
Here sum of entries of each column is same (= 1 +x + x2), so let
us operate R; - R; + R, + Ry to make all entries of first row
equal (= 1 + x + x?)

2
l+x+x" 14+x+a? 1+x+4°
= x 1 x
X x2 1

Taking (1 + x + x?) common from R;,

1 1 1
—Q+x+2) 2% 1 «x
x  x° 1

Now each entry of one (here first) row is 1, so let us operate
Cy —» Cy — C4 and C3 — C3 — C; to create two zeros in a row.

1 0 0

2 2 2
=1+x+a) |2 1-x2 x-x

Expanding along first row

1-x% x—a2
=1+x+x22.1

2-x 1=
_a g A-2)1+x) x(1-x)
=1 +x+ Oy 168 1-x)

=1 +x+20) Q=271 +2x) + 221 - x)?]

=l+x+2) Q-0 Q+x+2%)=0+x+x%?1A-x?
=[1+x+2) A -2 (. A%B? = (AB?)
=1-x+x—-22+22-x%? =01 -4 =RHS.

Remark. For the above question, we could also operate
C; = C; + Cy + C4 because sum of entries of each row is also
same and (= 1 + x + x2).

1+a®-b? 2ab -2b
2ab 1-a? +b? 2a =1 + da®+b?3.
2 28 1-g®_p

Operating C; - C; — b C5,C4 > Cy + a C5 in L.H.S. as
suggested by the factor (1 + a? + b%) in R.H.S.



1+a%+0% 0 -2
LHS. = 0 1+a?+0? 2a

bA+a?+b%) —al+a?+b%) 1-a®>-b2
[ 2b-b(1—-a%-b%)=2b-b+a% + b

=b +a’ + b% = b(1 + a® + b?)]
Taking out (1 + a? + 5%) common from C; and C,

1 0 -2b
=(1+a®+b% |0 1 2a
b -a 1-4*-b°
Operating R; — R; — bR, (to create another zero in first column)
1 0 -2b
=1 +a*+0%»?]|0 1 2a
0 -a 1-q%+0%
Expanding along C,
1 2a

=1 +a®+0b%2.1 , Sig
-a l1-a°+5b

=1 +a®+b2 A -a®+0%+ 22 =1+ d® + b

a’+1 ab ac
14. ab b*+1 be | =1+a2+b%+c
ca cb e +1

Sol. Multiplying C,, C,y, C5 by a, b, ¢ respectively and in return
dividing the determinant by abc,

a@®+1) ab? ac?
P N T T T
abe 9 9 )
a‘c b’c clc“+1)

Taking out a, b, ¢ common from R;, Ry, R; respectively,

a?+1 b2 c?
- al;c_ a® b*+1 ¢® |Operating C; - C, + Cy + Cy
aoc
a? b2 +1

1+a2+b2+c%2 b2 2
1+a2+b%+c2 b2+1 2

1+a?2+b6%2+c¢2 b2 2+1



15.

Sol.

16.

Sol.

Taking out (1 + a? + b2 + ¢?) common from C;,
1 b2 c?
=1+a®+b2+c) |1 bB2+1 2

1 b* 2+l
Operating Ry - Ry — Ry, R3 5 R3 — Ry,

1 2 2
=1+a?2+b2+c») |0 1 O
0o 0 1

Expanding along first column,
=1 +a®+b%2+cHx11-0=1+a®+0b%+c2
Choose the correct answer in Exercises 15 and 16:

Let A be a square matrix of order 3 x 3, then | kA | is equal
to

(A E|A| B) K2 |A|
©C) k3| A| (D) 3k | A |

a1 Q12 Qg3
Let A =|ag; @z Q93 |be a square matrix of order 3x 3. ...(0)
az; A3z Ag3

By definition of scalar multiplication of a matrix,

kan ka12 ka13 kall kalz ka13
kA = ka21 k(122 ka23 | kA | = ka21 ka22 ka23
ka31 ka32 ka33 ka31 ka32 ka33

Taking £ common from each row,
a1 @1z Qg3
= k% | ag Qg ag
Q3; Qg Qs
=k A [By ()]
Remark. In general, if A is a square matrix of order n x n; then
we can prove that | KA | =k | A |.
Option (C) is the correct answer.
Which of the following is correct:
(A) Determinant is a square matrix.
(B) Determinant is a number associated to a matrix.
(C) Determinant is a number associated to a square matrix.
(D) None of these.
Option (C) is the correct answer.

i.e., Determinant is a number associated to a square matrix.





