Question 1: Let f: {1, 3,4} > {1, 2, 5} and g: {1, 2, 5} = {1, 3} be given by f={(1, 2), (3, 5), (4, 1)} and g =
{(a, 3), (2, 3), (5, 1)}. Write down gof.

Solution: The functions f: {1, 3, 4} > {1, 2, 5}and g: {1, 2, 5} > {1, 3} are

f={(1,2),(3,5),(4,1)}and g ={(1, 3), (2, 3), (5, 1)}.

gof (1) =g[f(1)] =g(2)=3 [as f(1) =2 and g(2) = 3]
gof (3) =g[f(3)] =g(5)=1 [as f(3) =5 and g(5) = 1]
gof (4) =g[f(4)] =g(1) =3 [as f(4) =1 and g(1) = 3]

~gof={(1, 3), (3, 1), (4, 3)}

Question 2: Let f, g and h be functions from R to R. Show that
(f + g)oh = foh + goh

(f.g)oh = (foh).(goh)

Solution: To prove: (f + g)oh = foh + goh

LHS = [(f + g)oh](x)

= (f+g)[h(x)] = f [h(x)] + g[h(x)]

= (foh)(x) + (goh)(x)

= {(foh)(x) + (goh)}(x) = RHS

« {(f + g)oh}(x) = {(foh)(x) + (goh)}(x) for all x €R
Hence, (f+g)oh = foh + goh

To Prove: (f.g)oh = (foh).(goh)

LHS = [(f.g)oh](x)

= (f.g)[h(x)] = flh(x)] . g[h(x)]

= (foh)(x) . (goh)(x)

= {(foh).(goh)}x) = RHS

~[(f.g)oh](x) = {(foh).(goh)}(x) for all x €R

Hence, (f.g)oh = (foh).(goh)



Question 3: Find gof and fog, if
(i) (x) = |x| and (x) = |5x - 2|

1

(i) (x) = 8x* and (x) = X°
Solution: (i) f(x) = [x| and g(x) = |5x-2|
= go f(x) = g(f(x)) = g(Ix]) = |5]x]-2|

fog(x) = f(g(x)) = f(|5x-2) = | 5x-2| | = |5x-2]

1
(ii) f(x) = 8 and g(x) = X°

1
= gof(x) = g(f(x)) = g(&x®) = (8X3) > = 2x

1 1

fog(x) = f(g(x)) = f(X° ) = 8(X* )P = 8

2 2

Question 4: If (x) = (4x+3) (6x-4), x # 3 , show that fof(x) = x, for all x # 3 What is the inverse of f?

(4x+3) )
Solution: It is given that f(x) = (6X_4), x ¢_
4(4x+3}+ .
Nex—a)7
M 4x+3
6X—4) 6 6X—4 —4
(fof) = () = £ _ \6x

16x+12+18x-12 34X
=24Xx+18-24s+16 34

w|N

~fof(x) = x, forall x #
= fof = I

the given function f is invertible and the inverse of f is f itself.



Question 5: State with reason whether following functions have inverse
(i) f:{1, 2, 3, 4} - {10} with

f={(1, 10), (2, 10), (3, 10), (4, 10)}
(i) g: {5, 6, 7,8} > {1, 2, 3, 4} with

g=1{(54),(6,3),(7,4),(8, 2)}
(iii) h: {2, 3, 4,5} > {7, 9, 11, 13} with

h={(2,7),(3,9), (4, 11), (5, 13)}

Solution: (i) f: {1, 2, 3, 4} - {10} defined as f = {(1, 10), (2, 10), (3, 10), (4, 10)}
fis a many one function as
f(1) =f(2) =f(3) =f(4) = 10
~fis not one —one.
function f does not have an inverse.
(ii) g: {5, 6, 7, 8} > {1, 2, 3, 4} defined as

g=1{(5,4),(6,3),(7,4), (8,2)}
g is a many one function as g(5) = g(7) = 4.
-~ gis not one —one.
g does not have an inverse.
(iii) h: {2, 3, 4,5} > {7, 9, 11, 13} defined as
h={(2,7),(3,9), (4,11), (5, 13)}
all distinct elements of the set {2, 3, 4, 5} have distinct images under h.
= Function h is one — one.

h is onto since for every element y of the set {7, 9, 11, 13}, there exists an element x in the set {2, 3, 4,
5}, such that h(x) =y.

h is a one — one and onto function.

h has an inverse.



Question 6: Show that f: [-1, 1] = R, given by(x) = X(X+2) is one — one. Find the inverse of the function
f: [-1, 1] > Range f.

(Hint: Fory € Range f, y = (x) = (X+2)) , for some x in [-1, 1], i.e., x = 2y(1-y))
Solution: f: [-1, 1] & Ris given as (x) = X(X+2)

For one —one

f(x) = (y)

= (X+2) = (Y+2)

= Xy +2X = Xy +2y

= 2x =2y

=>x=y

=~ fis a one —one function.

f: [-1, 1] = Range f is onto.

~ f: [-1, 1] & Range f is one — one and onto and therefore, the inverse of the function f: [-1, 1] © Range
f exists.

g: Range f - [-1, 1] be the inverse of f.
y be an arbitrary element of range f.
Since f: [-1, 1] = Range f is onto,

y = f(x) for some x € [-1, 1]

=Xy +2y =X
= X(1-y)=2y

:>x—12—y,y¢1

define g: Range f > [-1, 1] as



2
9(y) =,y #1
1-y

2. )
X 2X 2X
of )(x) = g(f (x)) = —o(— X2 - ==
(gof ) () =g(f () 9ra) (1_( X )) i x- 2 %
X+2
and
2y
2y 1-y 2y 2y
fO :f :f = = ==
(o0) = 1O = 12D =5 =555, 5
-y
gof =x=1lpy and fog =y = Irangef
~fl=g

= )=y 1

Question 7: Consider f: R - R given by f(x) = 4x + 3. Show that f is invertible. Find the inverse of f.
Solution: f: R = R is given by, f(x) =4x + 3

For one —one

f(x) = f(y)

=>4x+3=4y+3

= 4x =4y

> x=y

=~ fis a one —one function

For onto

Y ER, lety=4x+3.

y-3
4

= X= ER



y—-3

for any y € R, there exists x = 4 € R, such that

.5
f(x) =f 4 =4 4 +3=vy.

~ fis onto.

fis one — one and onto and therefore, f! exists.

y-3
defineg: R >Rbygh)= 4
(4x+3)-3  4x
ol =glf) =gldx +3)= 4 4 =x
and
y-3  y-s

(fog)ly) =flgly) =f( 4 )=4( 4 )+3=y-3+3=y
~gof=fog=1Ig

y-3
fis invertible and the inverse of f is given by f! (y) = g(y) = 4

Question 8: Consider f: R+ = [4, =) given by f(x) = x> + 4. Show that f is invertible with the inverse f-1

of given fbyf™ (y) = m, where R+ is the set of all non-negative real numbers.
Solution: f: R, - [4, o) is given as f(x) = x> + 4.

For one —one

f(x) = f(y)

S>x2+4=y’+4

S X=y [asx=y ER.]
-~ fis a one — one function.

For onto



Yy E[4,00), lety=x>+4

>x2=y-420 [asy > 4]
=x=VY -4 >0

foranyy € [4, =), there exists x = VY -4 ¢ R+, such that
i) =f(VY —4)= (VWY =4 pra=y-a+4=y

~ fis onto.

fis one — one and onto and therefore, f ~* exists.
Let us define g: [4, =2) > R+ by g(y) = Y -4

(80f)(x) = g(f(x) = g0 + 4) = vV(+4)-4 = vV X* =

and

(fog)(y) = flgly) = (VY —4) = (VY 4y +4=y-a+a=y

~gof=fog=1Ig

fis invertible and the inverse of f is given by f! (y) = g(y) = Y -4

Question 9: Consider f: R, - [-5, e°) given by f(x) = 9x* + 6x — 5. Show that f is invertible with f-1 (y) =

(575)-+

3

Solution: f: R, > [-5, o) is given as f(x) = 9x* + 6x - 5.
y be an arbitrary element of [-5, o).

y=9x>+6x—-5

=>y=(3x+1)%-1-5=(3x+1)?-6

=>y+6=(3x+1)?

Y+6

=3x+1= [asy>2-5=y+6>0]



(75)-+

3

=X =
~ fis onto, range f = [-5, o=).

(575) -+

3
define g: [-5, =) - R+ as g(y) =

(gof)(x) = g(f(x)) = g(9x* + 6x-5) = g((3x + 1)* -6)

_JBx+)?—6+6-1

3x+1—1:3_x:X
_ 3 3

and
(T

(fog)(y) = f(gly)) = -6

(5] -

= 4+ 6 —_ 6 = y
gOf =X= IR and ng =y= lRangef
fis invertible and the inverse of f is given by

m_lj

3
fww=gw=[

Question 10: Let f: X = Y be an invertible function. Show that f has unique inverse.

(Hint: suppose g1 and g, are two inverses of f. Then for ally €Y, fogi(y) = Iv(y) = foga(y). Use one —
one ness of f).

Solution: Let f: X = Y be an invertible function.

suppose f has two inverses (g1 and g2)



forally €Y,

fogl(y) = My) = fog2(y)

= f(g1 (v)) = f(g2 (v))

=g (y)=82(y) [as fis invertible = f is one — one]
= 01=9>2 [as g is one —one]

f has a unique inverse.

Question 11: Consider f: {1, 2, 3} > {a, b, c} given by f(1) = a, f(2) = b and f(3) = c. Find f"* and show that
(fFY)?t=A.

Solution: Function f: {1, 2, 3} > {a, b, c} is given by f(1) = a, f(2) = b, and f(3) = ¢
If we define g: {a, b, ¢} > {1, 2, 3}as g(a) = 1, g(b) = 2, g(c) = 3.

We have

(fog)(a) = f(g(a)) = f(1) = a

(fog)(b) = f(g(b)) = f(2) =b

(fog)(c) = f(g(c)) =f(3) = c

and

(gof)(1) = g(f(1)) =f(a) = 1

(gof)(2) = g(f(2)) = f(b) = 2

(gof)(3) = g(f(3)) = f(c) = 3

- gof = Iy and fog = Iy, where X = {1, 2, 3} and Y= {a, b, c}.

inverse of f exists and f-1=g.

~f1:{a,b,ct>{1,2 3}isgivenbyf'(a)=1,f!(b)=2,f(c)=3
If we define h:{1,2,3} > {a, b, c}ash (1)=a,h(2)=b, h(3)=c
(goh)(1) =g(h(1)) =g(a) = 1

(goh)(2) = g(h(2)) = g(b) = 2

(goh)(3) = g(h(3)) =g(c) =3



and
(hog)(a) = h(g(a)) =h(1) =a

(hog)(b) = h(g(b)) = h(2) =b

(hog)(c) = h(g(c)) =h(3) =c

= goh = Ilxand hog = Iy, where X = {1, 2, 3}and Y = {a, b, c}.
the inverse of g exists and g™ = h = () = h.

h=f.

Hence, (f*)*t=f

Question 12: Let f: X > Y be an invertible function. Show that the inverse of f1is f,
ie., (fFr)*=Af.

Solution: Let f: X = Y be an invertible function.

there exists a function g: Y - X such that gof = Ix and fog = Iy.

fl=g.

gof =Ixand fog = Iy

= 1 of = Iy and fof-1 = ly

f1:Y > Xisinvertible and f is the inverse of fti.e, (f1)t=f

1
Question 13: If f: R > R be given by (x) = (3-x3)*, then fof (x) is

1
(a) X’
(B) x3
(C) X

(D) (3 -x%)

W=

Solution: f: R > R as f(x) = (3-x3)



1 1ot
- fof(x) = f(f(x) = £(3-%)° = 3-(3-%) ° )11 °

1 1
= 3-(3-2%)1° =(x3) °

-~ fof(x) = x

The correct answer is C.

4 4x

Question 14: : Let f: R- {- 3 } = R be a function as f(x) = 3X+4 Theinverse of fis map g: Range f - R- {-
4

3 } given by

(A) gly) = 3=4Y

Ay

(8) gly) = 4=3Y

4y

©gly)= =3

3y

(D) gly) = 473
4 4x

Solution: f:R - {- 3 } = R be a function as f(x) = 3x+4
y be an arbitrary element of Range f.

4
there exists x € R- {- 3 } such that y = f(x)

4x
=y=3X+4

= 3xy + 4y = 4x

= x (4-3y) =4y



4 4y

define g: Range f > R-{- 3 }as g(y) = 4-3y

4x
4
ax | (3x+4)

( )=
3x+4 4_3( 4x ]
3Xx+4

gof(x) = g(f(x)) = g

16x _16x
=12x+16-12x 16

and

)
A y

4-3y 3 4y +4
4-3y

foy)=flgly))=f

16y 1oy
_12y+16-12x 16

%

-~ gof = R_{g} and fog = lrange

gistheinverseof fi.e,f-1=g.

4

3

4y

4-3y

the inverse of f is the map g: Range f - R- { }, which is given by g(y) =

The correct answer is B.





